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In a linked list data structure L, suppose you have a
pointer to an object o in L. Then inserting a key k into the
list after o (i.e. insertAfter(o, k, L)) takes O(1) time.
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Let T" be a 2-3 tree with depth 4. Let  be the number of
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Let B1, B2 be two leaves in a 2-3-tree. If an insert
operation increases the depth of B1, then it also
increases the depth of B2.
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We can find the maximum key of a 2-3 tree with n leaves
in time O(log(n)).

False

Consider the subset sum problem with input A[1 ... n]
and target value b, where the subproblem T'(z, s) denotes
whether s is a subset sum of A[1...4]. Fillin X such that
the recursionis T'(i,s) = T(i — 1,s) V T'(i — 1, X)) (for
2<i<n)lf X <0thenT(i — 1,X) is considered to
be false.

a. X =Ali—1]
(b) X =s— Alj
c. X=s—b

d. X=5b

There is a known algorithm which solves subset sum in
time O(ng).

True

Consider the knapsack problem with weights wj;, profits p;
and weight limit W. Let P = p;+. . . +p,,. Which of the
following statements are true/false:

True False

There is an algorithm
>< solving the problem in

time O(nW).

There is an algorithm
solving the problem in

time O(nP).



There is an algorithm for knapsack which computes in
polynomial time a solution which is at least half as good as
the optimal solution.

(1-¢)- Aﬂ:rox]mq§§onsa\sor34hmus wn O@ad-¢")

False
= 4
wohle €= 3

For the knapsack problem, let OPT be the optimal

———

solution for the original profits p; and QPT' the optimal
solution for the rounded profits p;. Which of the following

is always true?

> ieomPi 2 2iicopr Di
> icoprPi = 2aicoprDi
> icoprPi S Dicopr Pie

d. None of the above.

Let L be a longest ascending subsequence of A[l...7]
and L' be a longest ascending subsequence of
A[l...4i+ 1]. Then L' is either identical to L, or L' is
obtained from L by adding A[ + 1] at the end.
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Exercise 6.3  Introduction to dynamic programming (1 point).

Consider the recurrence

A =1
Ay =2
Ay =3
Ay =4

A, =An 1+ A,_3+2A4,_4forn > 5.

(a) Provide a recursive function (using pseudo code) that computes A,, for n € N. You do not have to
argue correctness.

Solution:

Algorithm 1 A(n)
if n < 4 then
return n

else

return A(n — 1) + A(n — 3) + 2A(n — 4)

(b) Lower bound the run time of your recursion from (a) by 2(C"™) for some constant C' > 1.

(c) Improve the run time of your algorithm using memoization. Provide pseudo code of the improved
algorithm and analyze its run time.

Solution:

Algorithm 2 Compute A,, using memoization

memory<— n-dimensional array filled with (—1)s
function A_MEM(n)

if memory[n] # —1 then > If A, is already computed.
return memory [n]

if n < 4 then
memory [n] < n
returnn

else

Ay < AMen(n — 1) + A Mem(n — 3) + 2A Mem(n — 4)
memory [n] <+ A,
return A4,

(d) Compute A,, using bottom-up dynamic programming and state the run time of your algorithm.
Address the following aspects in your solution:

- Dimensions of the DP table: The DP table is linear, its size is 7.
- Definition of the DP table: D P|[k] contains Ay for 1 < k < n.

« Calculation of an entry: Initialize DP[1] to 1, DP[2] to 2, DP[3] to 3 and DP[4] to 4. The
entries with k > 5 are computed by DP[k] = DP[k — 1] + DP[k — 3] + 2DP[k — 4].

+ Calculation order: We can calculate the entries of D P from smallest to largest.
- Reading the solution: All we have to do is read the value at D P[n].

« Run time: Each entry can be computed in time ©(1), so the run time is ©(n).
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20 wan 2ed 10
Theory Task T3. /8P| von 400 Punkien

An array of non-negative integers A = [ay,...,a,| is called summy if and only if, for all 7 €
{2,...,n}, there exists a (possibly empty) set I C {1,...,i — 1} such that a; = }>;.; a;. In other
terms, every integer in the array except the first one must be the sum of (distinct) integers that
precede it in the array.

For example,
e The array [2,2,4,6,0,12] is summy, because 2 =2,4=2+2,6=2+4,12=2+4+6.

e The array [2,2,4,6,0, 13] is not summy, since 13 can not be written as a sum of integers from
{2,2,4,6,0}.

Provide a dynamic programming algorithm that, given an array A of length n, returns True if the
array is summy, and False otherwise. In order to obtain full points, your algorithm should have
an O(n - max A) runtime (where max A means the maximum value of entries in A). Address the
following |aspects in your solution:
> Hinweis {&r die Dimension!
1) Definition of the DP table: What are the dimensions of the table DPJ[...] 7 What is the
meaning of each entry ?

2) Computation of an entry: How can an entry be computed from the values of other entries 7
Specify the base cases, i.e., the entries that do not depend on others.

3) Calculation order: In which order can entries be computed so that values needed for each
entry have been determined in previous steps 7

4) Extracting the solution: How can the final solution be extracted once the table has been filled
?

5) Running time: What is the running time of your algorithm ? Provide it in ©-notation in terms
of n and max A, and justify your answer.
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Bemc\\nunﬁsreﬁ\\eﬂo\%= For 1=0.. n:
For k=0... max A:
covv\ewk OPLi, k)

Lssung: | 1 fals ¥2ci2n: OPLi-4, ) =4
O sonst

Lownfzed: O(n- moxA)
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You are a history student, "Alex," standing at the entrance of the "Grand Boulevard of Museums"
(museum 0). You have a research paper due tomorrow, and your goal is to acquire the maximum
amount of "knowledge" possible.
You have two limited resources:

» Astarting budget of M dollars.

e A total time limit of T" hours.

The boulevard has N museums, numbered 0 to N — 1. For each museum %, you are given three pieces

of information:
e ticket_cost[i] : The cost in dollars to buy a ticket.
e visit time[i] : The time in hours it takes to see the exhibit.

e knowledge[i] : The knowledge points (KP) you gain from the exhibit.

The Rules of the Tour
When you are at the entrance of museum g, you have two choices:
1. Visit the Museum:

* You can only do this if you have enough money ( >= ticket_cost[i] ) AND enough time ( >=

visit_time[i] ).

* If you visit, you pay the ticket_cost[i], spendthe visit_time[i] , and gain the

knowledge[i] .
» After your visit, you immediately move to the front of the next museum (¢ + 1).
2. Skip the Museum:
* You can only do this if you have at least 1 hour of time remaining.

» Skipping costs you no money, but it costs 1 hour of time to walk to the next museum.

* You gain O knowledge.
* You move to the front of the next museum (z + 1).
Your tour ends when you have considered the last museum (i.e., you arrive at index IN) or when you run

out of time and cannot even afford to skip (i.e., you have 0 time left).

What is the absolute maximum amount of knowledge you can gain?

Example
e N = 2 museums
e M = 10 (dollars)
e T =5 (hours)



Museum (i) ticket _cost[i] visit time[i] knowledge[i]
0 7 3 10
1 4 2 8

Optimal Path Analysis
1. At Museum O: Alexhas M = 10,T = 5.
* Choice 1(Visit): Cost=7, Time=3. Alex can afford this.
* Newstate: M = 3, T = 2. Knowledge=10. Move to Museum 1.
* Choice 2 (Skip): Cost=0, Time=1. Alex can afford this.
e Newstate: M = 10, T = 4. Knowledge=0. Move to Museum 1.
2. Path 1 (Visit Museum 0):

e At Museum 1: Alexhas M = 3,T = 2.

» Choice 2 (Skip): Cost=0, Time=1. Alex can afford this.

* Newstate: M = 3, T' = 1. Knowledge=0. Move to end.
» Total Knowledge (Path 1): 10 + 0 = 10.

3. Path 2 (Skip Museum 0):

e At Museum 1: Alexhas M = 10, T = 4.
* Choice 1(Visit): Cost=4, Time=2. Alex can afford this.

* Newstate: M = 6, T = 2. Knowledge=8. Move to end.
* Choice 2 (Skip): Cost=0, Time=1. Alex can afford this.

e New state: M = 10, T' = 3. Knowledge=0. Move to end.
» Total Knowledge (Path 2): 0 + 8 = 8.

Comparing the two possible complete tours, the max knowledge is 10.
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Dimension:  (N+4) % (T+4) x (M« 1)
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@erec\r\nunﬁsre'.\\en-[o\%t For 1=N_..O"
FOI' i= 0..T:

For m=0.. M:
compute OPLi, 4, m)
LBSVW\%" DPfo, T M)

Lowfzed: O(N-T-M)

public static int solve(int N, int M, int T, int[] ticketCost, int[] visitTime, int[] knowledge) 1
DP = new int[N + 2][T + 211[M + 1];
// Base Case: automatisch gemacht weil alle Eintrage auf 0 initialisiert wezxden

for (inti=N-1; 1i>=0; i--) {
for (int t = 0; t <= T; t++) §
for (int m = 0; m <= M; m++) {
// Rekursion:
int knowledgeFromSkip = 0;
if (t >= 1) knowledgeFromSkip = DP[i + 1]1[t - 11[m];
int knowledgeFromVisit = 0;
if (t >= visitTime[i] && m >= ticketCost[i]) %
knowledgeFromVisit = DP[i + 1][t - visitTime[i]][m - ticketCost[i]] + knowledge[i];

ks
DP[i][t][m] = Math.max (knowledgeFromSkip, knowledgeFromVisit);

3
3
// Lésung:
return DP[O][T][M];
:
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public static int solve2(int N, int M, int T, int[] ticketCost, int[] visitTime, int[] knowledge) {
DP = new int[N + 1][T + 1]1[M + 1];
for (int 1 = ©; i<DP.length; i++) {
for (int j = ©; j<DP[O].length; j++) 1
for (int k = 0; k<DP[O][0].length; k++) DP[i][j1[k] = -1;

%

// Losung:

return compute(0, T, M);
t

public static int compute(int i, int t, int m) %
// Base Case:
if (i >= N) return 0;

// Memoization:
if (DP[il[t]1[m] != -1) return DP[i]l[t][m];

// Rekursion:
int knowledgeFromSkip = 0;
if (t >= 1) knowledgeFromSkip = compute(i + 1, t - 1, m);

int knowledgeFromVisit = 0;

if (t >= visitTime[i] && m >= ticketCost[i]) { // check if we have enough time and money
knowledgeFromVisit = knowledge[i] + compute(i + 1, t - visitTime[i], m - ticketCost[i]);

3

// Store result in DP table:

DP[i][t][m] = Math.max(knowledgeFromSkip, knowledgeFromVisit);

return DP[i]J[t][m];



Given a binary string S € {0, 1}" of length n, let g(.S) be the positional sum of the string. We
define the positional sum as the sum of all 1-based indices 7 such that the i-th character of S'is a
1.

For example, if S = 701011”:
e The'T's are atindices 2, 4, and 5.
e g(S)=2+4+4+5=11.
+ ForS =71000", g(S) = 1.
» For S =70000”, g(S) =0.

Given n and k, the goal is to count the number of binary strings .S of length n with g(.S) = k.

Describe a DP algorithm that, given positive integers n and k, reports the required number. Your
solution should have a time complexity of at most O(nk).

Dimengion: DPLo...nTL0... k7
Tellproblem:  pp[i,3) = number of binary  Strinas of \_cn%-\-\'\ i With  positional sum =)
Base (ase : DPf0,07) =4

OP[0,y) =0 WAk

=0 {alls 4-i¢0
—A
Rekursion:  DPLi 3] =  DPLi-4,3) + DPG-4, j-i]
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Berec\rmun%sre'.\«en-fo\%: For i= 0...n®
For \')= o..k:
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Losung: 0PLn,k]
Lownfz2ed: O(n-k)





