Quiz

Let f,g: N — R" be some functions. Then, we have max{ f(n), g(n)} < O(f(n) + g(n)).
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Suppose you have some algorithm A and let an increasing function T'(n) be its runtime on an input of size n. Assume
you know that T'(n) < T'(n/2) + C for some constant C' > 0 and that T(1) = 1. Then, T(n) < O(logn).
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Suppose you have some algorithm A and let an increasing function T'(n) be its runtime on an input of size n. Assume
you know that T(n) > 2 - T(n/2) + dn for some constant d > 0 and that T(1) = 10. Then, T'(n) > Q(n'?).

MQ.T%Q. Sort & O(n \oah) # ﬂ(ﬂAS)

True

Linear search has a worst-case complexity of ©(n) on sorted arrays.

@

False

Alice has designed a new comparison-based search algorithm which takes as input a sorted
array of n integers along with a target value = and works by iteratively squaring the search
range. The algorithm is correct. She claims that this algorithm runs in time O(log(log(n))) in
the worst case.

Untese Schranke Q(\oa n)

Select one:
Alice is mistaken, her algorithm is slower than O(log(log(n)))-

b. Yes, iterated squaring leads to a O(log(log(n))) runtime.

¢.  Without knowing the details of the algorithm, we cannot make a statement about its
worst-case runtime.



Which sorting algorithm from the lecture does the pseudocode snippet below implement?

forj=1,2,...,n—1do:
maz =1
fork=1,2,...,n—j+ 1do:
if Alk] > A[maz]| then:

maz = k

Lindet [ndex des Maximum

ifmaz <n — j+ 1 then:
Swap A[maz] and Aln — j+ 1]

Selection Sort
b. Insertion Sort

¢. Merge Sort

d. Bubble Sort

Consider the following pseudocode snippet:
i1
whilei < n:
j«1
while j < &
10
jej+1
i—i+1

Which of the following expressions correctly describes the exact number of calls to f?

5 (5)



Logarithmusgesetze

Bezeichnung

Basiswechsel

Exponentenregel

Produktregel

Quotientenregel log, (E) = log,(z) — log,(y)
Y

Potenzgesetze

Bezeichnung

Produktregel (gleiche

Basis)

Quotientenregel (gleiche

Basis)
Potenz einer Potenz

Potenz eines Produkts

Potenz eines Quotienten

Negative Exponenten

Wurzelgesetz

Formel

log,(z)

_ log, ()
log(a)

log,(z") = 7 - log,(x)

log,(z - y) = log,(z) + log,(y)

Formel
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(am)fz — am~n

(a-b)" =a™-b"

Beispiel

_ logy,(8)
02:(8) = 550 2)

log2(83) = 3 - log,(8)

log(2-5) = log(2) + log(5)

log(10/2) = log(10) — log(2)

Beispiel

2020 =27

i5:33

(23)4 — 212

(2-3)2 =22.3?

2\°_2
3) 3

Erklarung

Ermoglicht den Wechsel der Basis

Der Exponent kann vor den

Logarithmus gezogen werden

Produkt wird zu einer Summe

Quotient wird zu einer Differenz

Erklarung

Exponenten werden addiert

Exponenten werden subtrahiert

Exponenten werden multipliziert

Exponent verteilt sich auf Faktoren

Exponent verteilt sich auf Zahler und

Nenner

Negativer Exponent bedeutet Kehrwert

Exponent 1/k entspricht der k-ten

Wurzel



Ableitungsregeln

Regel Formel Beispiel
Konstante (¢)=0 (5) =0
Potenzregel (z") =n-zn! () = 32?
Summenregel (f+g9)=f+4d (2 +z) =2zx+1
(Produktregel) (f-9)=rfag+fd (z-€") =1-e"+z-€"
(Quotientenregel) (g)l = # (:_m); = %
(ettenregel (Fla@)) = (o) ¢ (@) (sin(22))’ = cos(2) -2
Exponentialfunktion (e*) = e* (e37) = 3e3*
Logarithmus (In(z)) = % (In(bz)) = %

Exercise 3.1  Asymptotic growth (2 points). d4a {&r¢ Peera(‘ad;“a
(a) Prove or disprove the following statements. Justify your answer.

(1) Forall a,b > 1, suppose n € N and n > max{a, b}, then log,(n) = ©O(log,(n)).

Led ab €N be acbitrary with ab > 1
A

loge (w) o — .
‘O%a(“\ = ﬁ%&')_ - ‘cﬁb(a) \035('“) ‘—'e(loab(n\)

=> Al |o%ar'n+\\wxs have 4he same as:)vv\()‘fo’c'.c %row’rk!
(The base doesn't \ma&-\-{r)



(2) Forall a,b > 1, suppose n € N, then a" = ©O(b")
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(2) Prove that lim,, n(el/” —-1) =1
You may use the following variant of L’'Hopital’s rule:

Theorem 2 (L’Hopital’s rule (going to 0)). Assume that functions f : R™ — Randg : Rt —

R are differentiable, lim,_,, f(x) = limy_ oo g(x) = 0 and for all z € R, ¢'(z) # 0. If
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lim /() = lim J'(z)

v g(x)  aeo g'(z)’

= o0, then

A
. 4 .-
Y (" -1) = lim —
nooo NN R
! a
e . e

Einfacher Lgsu\ngsma wmit  Subshituhon 4= &

. 4 . '5-4 L'“gP- 9
‘\W\ n- (e -4) = \um 4. eb-»t = |y pe = . & _
nooe ( y20 9 ( ) .\:;:Ao Y k!:‘o 1 A



(3) Prove that forn > 3

You may use results from the earlier exercises.

You may use the following fact:

Let f,g : R" — R. Suppose that lim,_, g(n) = oo and there exists some constant C' € R
such that limy,—,o f(n) = C. Then lim, f(g(n)) = C.
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Exercise 3.3  Counting function calls in loops (1 point).

For each of the following code snippets, compute the number of calls to f as a function of n € N.
Provide both the exact number of calls and a maximally simplified asymptotic bound in © notation.

Algorithm 1

(a) l(_o n 2n
while i <n do +
£0 Hcls = Zz Z"
70 e
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j(_o =(h+4)'2 + (2'\“’4)'4
while j < 2n do
f() = e ¥ 2ne A
je—Jj+1 = 4n+3
= O(n)
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Suc\n - A\%oc'v\\nmeh

LINEAR-SEARCH(A[l..n], b)

1 forv+ 1,2,...,n do

2 if Ali] = b then return i
3 return “nicht gefunden”

‘ 'CGV Bc\'\fb;%ﬂ. arfays (auc.\n unsorherie)
* Worst (ase lLaufzal (2(n)

BINARY-SEARCH(A[1..n],b)

10+ 1;r+n
2 while / < r do

3 m <« |[(£+71)/2]

> Initialer Suchbereich

4 if A[m] =0 then return m > Element gefunden
5 else if A[m] > 0bthenr<+ m—1 > Suche links weiter
6 else { < m +1

> Suche rechts weiter
7 return “Nicht vorhanden”

®* Nue {&e sochiecke arfays
Q=1

V‘/\‘-‘-g r:AO
Bsp._ d v ¢
B'mano&zarc\s (a34): 3 4 7> & 9 20 31 44 59 265
e:c V£\=8 r=40
- 0 N ‘L v
34— —8 % 20 M 44 59 265
‘E:C ('l'='?
3—4—2 8 9 20 3 44—59 265
s,_.M:g r|-=?
3—b—7 8 93— 20 M 44—59 2¢5

e: r=m=32
b—2 8 3 200 M 44 —59 265
(™ ;Seder Hecadion halbieren wic den Sachbereich

* Worst (ase Laufeert _Q(\os n)

i
9




Sor‘ker - Alsori"\nw\e.n

BUBBLE-SORT(A[1..n))

1 forj«1,2,..., n do

2 fori+1,2,..., n—1do

3 if A[i] > A[i + 1] then

4 tausche A[i] und Afi + 1]

VU%\Q'@.Q- n- (n-4) = On?)

Vectanschungan: O(n?) Rsp:3=3 3 2 1 ]e 8 3]
B Ihv(3)

Low\-( e @G‘z)
lnv (33 = Nach 3 Mesadionen  dec auwsseren  Schlefe  sind  die ) 8«'3354%
Elemenle om ﬁc\m\-;%m Ot

Korrekthed: wian geigt  lav(0) als base case

v G) => Wv(i+4)  als lndukbonsschelt  {ar O£y &n-4

v (n) => ArrauO st sochest

SELECTION-SORT(A[L..n])

1 forj+<nn—1,..., 1 do
2 k < Index des Maximums in A[l,..., ]
3 tausche A[k] und A[j]
Vegéche: O Gpas 327 1688

Vertowsch ungen O (n)
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La\u-( Ee'\-\"- @(‘"2)
lnv (J) = Nach 3 lerationen dec ausseren  Schleife  sind  die 3 3(8334«

Blemenle om r}ch\-;%m O«

INSERTION-SORT(A[1..n])

1 for 5« 2,3,...,ndo
2 k + kleinster Index in {1,...,7 — 1} mit A[j] < A[k] ->wu¥ Bmorg&wc\ﬂ
> A[j] gehdrt an diese Stelle k

3 x + Alj] > merke Alj]
verschiebe Alk,...,j — 1] nach Alk+1,...,]]
5 Alk] < =
. k=z
VU%\Q\C'\M’: Oln \03 n) v ()

Ve_r-\-osuschuv\%p.n'- OIC @5P’5=3 '2 31 31 8%

Lafadh 0GR -

123 4948

lav (3) = Nach J |terationen der ausseren Schleife i) das e arfay

Al1...3] sorkierd  (es enthalt aber wichi zwomas\&w(i% die ) klewsten

Elewente des Arra%s).
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MERGESORT(A[l..n],1,7) > sortiert A[l, ..., 7]

1 ifl < r then
2 m < [(I+71)/2]

3 MERGESORT(A,l,m) > sortiere linke Hiilfte
4 MERGESORT(A,m + 1,7) > sortiere rechte Hilfte divide and conquer
5 MERGE(A,l,m, ) > verschmelze beide Hilften

MERGE(A[1..n],1,m, 1)

1 B <« neues Array mit r — [ + 1 Zellen > so gross wie All,..., 7]

9 i ] > erstes unbenutztes FEle-
ment in linker Hdlfte

> erstes unbenutztes FEle-
ment in rechter Hilfte

4 k<1 > ndchste Position in B

5 while i < m and j < r do > beide Hilften noch nicht

3 j+m+1

ausgeschopft
6 if Ali] < A[j] then
7 B[k] «+ Ali]
8 1 i1+1
9 E—Ek+1
10 else
11 B[k] + A[j]
12 j—7+1
13 k+—Fk+1

14 {ibernimm Rest links bzw. rechts > wenn die andere Hilfte

15 kopiere B nach A[l, ... 7]

ausgeschopft ist

Launfzeit von MERGE: O(n)

Totole Lanfzeit: T(n) = 2T(D+ ¢-n Bsp. &8 4 |1 § 3
Ec‘::rai: Sorheren 8 L3 15 3
L v 7 \,
2usattlicher Spacher: O(n)  fac dos Accasy B g 4% 1 S§3
74ERY Y S
4 > S 3
S N L/
42 35
« o
4}6\> L/43S

A34538
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g) Sorting algorithms:

i) Consider the sequence 6,5,4,1,2, 3. How many does Bubble Sort perform to
sort this sequence? Give the exact number of swaps required.

S+h+3d =12

ii) Consider the sequence 6,5,4,1,2,3. How manydoes Selection Sort perform

J

to sort this sequence? Give the exact number of swaps required.

4

iii) Let n» € N be an even number and consider the sequence with the following structure:

~ S~ o\
2,1,4,3,6,5,...,n,n — 1.

How many swaps does Insertion Sort perform to sort this sequence? Give the exact

number, not just the asymptotics.

n

—

2

\/AII four algorithms can sort any list of comparable elements correctly.

\/Only Merge Sort can guarantee a worst-case time complexity better than O(n?).

X Bubble Sort compares distant elements in the array during each pass.
\

wma
% Insertion Sort inserts each new element into the already sorted part at the*correct position.

Y Selection Sort may perform fewer comparisons if the input list is already sorted.

X Merge Sort always splits the list into two equal halves.

X/ Bubble Sort and Insertion Sort both have an average runtime of O(n log n).

\/Merge Sort's runtime does not depend on the initial order of the elements.

V| Selection Sort performs fewer swaps than Bubble Sort in most cases.

X Insertion Sort requires extra arrays to perform its sorting.

V| Merge Sort typically requires additional memory proportional to the size of the input.
X Selection Sort always performs exactly n—1 comparisons.

" Bubble Sort can terminate early when no swaps occur during a pass.
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\/Merge Sort is an example of a "divide and conquer” algorithm.

X Bubble Sort is usually faster than Merge Sort on large, random datasets.

X Selection Sort adapts its runtime when the input is already sorted. (") Ve"a‘dc&
V' Merge Sort can be implemented recursively or iteratively.
V/ Bubble Sort, Insertion Sort, and Selection Sort all sort in-place.
X Merge Sort sorts in-place without using additional arrays.
V| All four algorithms determine order by comparing pairs of elements.
v Merge Sort divides the list until each sublist contains exactly one element.
v The worst-case runtime of Bubble Sort and Selection Sort is the same. both O(n*)
V/ Insertion Sort moves elements to make space for the current value being inserted.
X Merge Sort avoids  element comparisons when merging sublists.
Selection Sort and Bubble Sort perform the same number of swaps in total.
V Insertion Sort can outperform Merge Sort on very small arrays.

v Bubble Sort is primarily used in practical applications for large datasets.

%I Any sorting algorithm is in Q(nlog n).  Buckel Sort

V| Selection Sort can be better than Bubble Sort.

X| Merge Sort is always faster than Insertion Sort.

Vv Merge Sort has O(n?% comparisons. O(n \o3n3 £ OGw*) This is mearmm\.

X Insertion Sort runs in O(n) time on sorted input. binary search

X Bubble Sort’s best case is faster than Selection Sort’s best case. (dap%v:z\‘:mz‘hﬁx*
X Merge Sort's runtime depends on how sorted the array already is.

X Selection Sort’s number of comparisons depends on input order.

Y Every comparison-based sort must perform Q(n log n) comparisons in every case.
worsk
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