Rellman- Foed

Beo\inaun%m‘- neﬁo&} ve l&om’rencazwlckk sind edaubt  aber es dorf  Keinen no.3a'\"\ven
'20\31&\0\5 %abo.n
See = v eV |3 tin karsesher (= ginshasher) Weq won S 2u v it & ¢ Kanben 3
¢ - genoue Schranke : alle kirczesten (= sansﬁém) \'\k%ﬂ- mit £€ Kanten Sind bereds 32(“"\0\6“
dh  dlv] = d(siv) WweSee
dlvl 2 d(siv) W See

BELLMAN-FORD(G = (V, E),5) 1 O(n-w)

1 for each v € V\{s} do > Initialisiere fir alle Knoten die
2 d[v] < oc; p[v] « null {Q-genawe > Distanz zu s sowie Vorginger
3 d[s] < 0; p[s] < null Scheanken 1 pnitialisierung des Startknotens
4 for i<+ 1,2,...,|V]|—1do > Wiederhole |V| —1 Mal
5 for each (u,v) € F do > Iteriere tiber alle Kanten (u,v)
6 if djv] > du] + w((u,v)) then > Relaziere Kante (u,v)
7 d[v] « d[u] + w((u,v)) > Berechne obere Schranke
8 plv] < u > Speichere u als Vorginger von v
9 for each (u,v) € F do > Priife, ob eine weitere Kante
10 if d[u] + w((u,v)) < d[v] then > relaziert werden kann
11 Melde Kreis mit negativem Gewicht

lnvaranle: i -qenaue Schranken nach der i-ten  Yeralion
Ach-\-uv\oé'- @gz\r\m{‘o\%& der Kanken ist nicht VOC%«‘:LM (-7 Q@%gfat&B

3 nea. 2«ak\us falls  sich noch der n-ten lteration eine Distanz andect




MST
Set 6= (V. E) ein ED\SGW\MLn\n&nao.no\« Graph
Boum: unaerichbeler , 2usammenhningander | laceisfreier Graph
Avlsponaende Kankn A € E  falls G(V,A) 2usemmenhangend ish
Spann‘oqu\m T<SE fals 7T ow&sfamnmd it wndh  Keinen Kreis hat
Minimeler Spannbaus MST £ E  falls MST ein Spanaboum it minimdem Gawicht st
Sichere Kank e€E  falls e in '\\eo\mw\ MST  vorkommi-
* Kank. wmit Klenslem Gewiechd an jeden Knoken ik sicher

e Kank. wit kleanskm Gewich} an 'Ao.du\ SchaiH st sicher

lsh A=§3aby $a,c3 86,b1,8¢,d8 auwlspannendh ?

Welche Kankn ksnnle wan 20 A \r\'\n%\;\ka‘&h, sodass A auls pannend s ?

Welche Kanken kanale man 2u A hinauliqen, sodoss A ein Spannbom ish?

Welche Kanlen kannle mon 2 A \f\'\n%ke‘&h, sodass A ein minimaler Spannboum ish?
Welches ist die Kante wit klenglem Gewicht an Schaidy S=ta, b, d3

Wie vidle sichere WKanken %’\b\— es?



Algorithm 1 BORUVKA(G) ;. O ((n+m) - log )

1. F'+ 0

2: while F' is not a spanning tree do

3: (S1,...,8%) < connected components of F

4: (e1,...,er) < minimum edges leaving S, ..., Sk
5 F + FU{ey,... e}

6¢o\lln%um%'- Pawwdv. verschiedene Knn-h.n%‘.wlckk




Algorithm 1 PrRiM(G, s) -, O((n+m)- logn
1. F«10
2: S {‘3}

3: while F' is not a spanning tree do

4:  {u,v} < minimale Kante an S, mit u € S, v & S
5. F <+ FU{{u,v}}
6: S+« SU{v}

o mehrere Kanten wit 8\e.'|c|~em Gewich: erlaubt

&sf. Soctkaoten a




- Dijkstra: Read the blue lines and ignore the orange ones.

- Read the

and ignore the blue ones.

Al

gorithm 1 DIJKSTRA /

(G =(V.E),s)

in O((n+m) -logn)

1

O N QU A WN

: foreachv e V' \ {s} do

d[v] < oo; p[v] < null
d[s] + 0; p[s] < null
:Q+ 0
: INSERT(s,0, Q)
while Q # () do

u +— EXTRACT-MIN(Q)

for each {u,v} € EF'do

if p[v] = null then
dv] < d[u] + w({u,v})

11:

12:
13:
14:
15:

plv] + u
ENQUEUE(v, d[v], Q)

else if d[u] + w({u,v}) < d[v]
d[v] < d[u] + w({u,v})

16:

17:
18:

plv] « u
DECREASE-KEY (v, d[v], Q)

> Initialisiere flir alle Knoten
> Distanz/Kosten sowie Vorgdnger

> Init. Startknoten (Dijkstra) / Wurzel (Prim)

> Leere Prioritdtswarteschlange )
> Flige s zu Q hinzu

> Wdhle Knoten mit min. d-Wert
> Inspiziere Nachfolger
> v wurde noch nicht entdeckt
> Dijkstra: Berechne Distanz
>
> Speichere u als Vorgdnger
> Flige v zu Q hinzu
then
- Dijkstra: Update Distanz
>
> Vorganger aktualisieren
> Prioritdt anpassen




Smin /Punk¥

/2P e) Minimum Spanning Tree: Consider the following graph:

i) Highlight the edges that are part of the minimum spanning tree. (Either in the picture
above, or you can recreate the graph below).

ii) Write out all positive integers = such that if we replace the weight 1 of edge {b,d} in the
above graph with z, then edge {b,d} would be in at least one minimum spanning tree of
the resulting graph.
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/2P f) Shortest Path Tree: Consider the following graph:

i) Highlight the edges that are part of the shortest-path tree rooted at vertex a (i.e., the
output of Dijkstra’s algorithm if we were to start from vertex a).

ii) Does the above graph have a topological ordering? If yes, write down one topological
ordering. If no, give an argument.



/14 P

Theory Task T4.

The city center of Amsterdam is known for its many tourists and many bridges. There are n > 4
tourist attractions in Amsterdam labeled {1,2,...,n}. For some pairs i,7 € {1,2,...,n}, the at-
tractions i,j are connected by a two-way bridge, represented by {7,j}. The set of all bridges is
denoted with B = {{i1, 71}, {i2,j2}, .- -, {#m, Jm}}. You may assume that m > n. Using the bridges,
any attraction i can be reached from any other attraction j.
Remark: When asked to describe an algorithm, you need to address the following aspects:

1) the graph algorithm that you use as a subroutine in your solution;

2) the construction of the graph that you run this algorithm on;

3) the correctness of your solution, with a short justification (i.e., how and why does running the
chosen graph algorithm on the graph you constructed solve the original problem);

4) the total running time of your solution, with a short justification.
You can directly use the algorithms covered in the lecture material, and you can directly use their

running time bounds without proof.

Remark: It is not needed to solve part a) to attempt parts b) and ¢). It is not needed to solve any
earlier parts to attempt part d).

/3P a) To accommodate for boats, the city government wants to remove some of the bridges. Each
bridge by, = {i, jx } has a length Lj € N. Describe an algorithm which outputs a subset D C B
of bridges, of largest possible total length L(D) := Zk:bke p Lk, which can be removed while
still making sure that tourists can travel between any pair of attractions i,j € {1,2,...,n}

1)
2)



It turns out the bridges are historical buildings, and so they cannot be removed. Instead, the
government decides to only open each bridge during some parts of the day. They divide a day into
N > 2 units of time, labeled {0,1,...,N — 1}, and give each bridge br, = {ix,jr} opening times
O C {0,1,..., N — 1}. Each bridge also has a crossing time C}, € N, which represents the number
of time-units required to cross it. Tourists are only allowed to start crossing a bridge when
it is open (but it is not a problem if it closes while they are crossing it). Note that a tourist’s travel
is allowed to span multiple days. For example, they might start to cross a bridge by with crossing
time Cy = 4 at time T'= N — 2, and finish the next day at time 77 = 2 (as long as N — 2 € O).

b) We are given two attractions s,t € {1,2,...,n}, and a starting time Ty € {0,1,..., N —1}.

Describe an algorithm which decides if it is possible for tourists to travel from s to ¢, starting
at time Tyar, While respecting the opening times of the bridges, but without having to
wait at any of the attractions. The running time of your algorithm should be O(m - N).

Hint: Use a directed graph whose vertex set consists of N copies of the attractions {1,2,...,n},
labeled {(1T) c1e€{1,2,...,n}, T€{0,1,...,N — l}} When should there be an edge from
(2,T) to (¢, T")?

1)
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d) We are given two attractions s,t € {1,2,...,n} and a starting time Ty € {0,1,..., N —1}.

Describe an algorithm which outputs the minimum amount of time (in time-units) required
for tourists to travel from s to ¢, starting at time Tya (0r 0o when no such travel is possible).
Now, tourists are willing to wait at an attraction for a bridge to open if this reduces their
total travelling time. The running time of your algorithm should be O(mN - log(mN)).

Hint: Use a weighted, directed graph with the same vertex set as in part b). Which edges
should you add to model tourists waiting at an attraction for a bridge to open?

Based on negative feedback, the government decides to open all bridges during the entire day.
In an attempt to steer traffic, they release a traveller’s guide which rates how nice the view is from
each bridge. As the view depends on the direction in which a bridge by = {i, jr} is crossed, the
guide lists two numbers R,’:, R, € Z (ie, they are possibly negative integers). Assuming iy < ji,
R,‘:’ corresponds to crossing by from iy to ji, and R,  corresponds to crossing by from ji to i.
To avoid tourists getting lost, the government made sure that any walk around Amsterdam which
starts and ends in the same attraction has total rating strictly less than 0.

d) We are given two attractions s,t € {1,2,...,n}. Describe an algorithm which outputs the

maximum possible total rating of a walk from s to . The running time of your algorithm
should be O(nm).

Hint: Use a weighted, directed graph whose vertex set consists of the attractions {1,2,...,n}.
(The opening times Oy, and crossing times Cy, do not play any role in this part of the exercise!)





