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If a directed graph has no directed cycles then there is no back edge in any DFS tree of it.

@ 3 back edﬁe = 3 directed ccode

False

shordest path3

A0 wan

What is a valid adjacency list for vertex ¢?

a. [a
[b,d]
¢ [a,b,d ©

Decide whether the following are true or false.

True False

O«

>< If a directed graph has a sink, then it has no directed cycle.

>< If a directed graph has no directed cycle, then it has a sink.

Let u, v be two vertices connected via an edge in an undirected graph. Suppose we compute a DFS
tree of this graph. It is possible that pre(u) < post(u) < pre(v) < post(v).

True

——I\——1 not possible

Suppose we have a directed graph with 2 different directed cycles. We need to remove at least 2 edges

for a topological order to exist in the graph.

)




Recall the notation S;‘ used to refer to the set of vertices at distance ¢ from some vertex u, in some
directed graph D. Assume that there exists a vertex w with w € S and w € S3. Then, the graph
distance from u to v in D is at most 5.

(@O @—O—O—®

Suppose that we run a BFS on a directed graph and after sorting by the enter-time the vertices are
d,e,b,a,c, f. What would the order be if we sorted by leave-time instead?

a. f,c,a,b,e,d.

d. f,e,d,cb,a.

e. Impossible to specify with the current information.

What is the minimum value of & for which there is no negative directed cycle?

Answer: 3




What is the length of the shortest path from a to e?

Answer: F}

Consider the queue @ = 3,5, 2, 4, 1]. Suppose we carry out the following operations:

1. dequeue
2. dequeue
3. enqueue(1)
4. enqueue(4)

What is the final state of the queue? The enqueue operation adds an element to the right/end of the
queue.

a. Q=1[3,52,4,1]|
b. Q=[3,5,2,1,4]

@) e=24114

d Q=1[2,4,1,4,1]

cha‘o\l\ proofs



disk(4v) sk die kinrzeste Lange eines Leges von u nach v (Anzahl Kanten)
Sk= SveV lc\\s\(s,v)-—-ki st die Hmﬁg dler  Knoten, dic genau Dislanz k vom

Hactknolen s endfernt sind

BFS  berechnel die kicrzeskn Dcac. vowm Otartknekn s 3u allen anderen Knoten

Algorithm 1 Brs(G, s)
1: for each v € V do

2:  wisited[v] = false > Initialize visited status |

3. dist[v] < > Initialize distance

1: Q<0 > Initialize empty queue @) L\,\;;;“\;s;,_ﬂmjs-
5: visited[s| < true > Mark start node as discovered |7\
6: dist[s] <+ 0 > Distance to start node is 0

7: ENQUEUE(s, Q) > Add s to queue |

8:

9: while Q # () do

10:  u 4+ DEQUEUE(Q) > Current node

11:  for each (u,v) € F do

12: if visited[v] == false then > If v not yet discovered

13: visited[v] < true > Mark v as discovered

14: dist|v] < dist[u] + 1 > BFS distance update

15: ENQUEUE(v, Q) > Add v to queue @
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O(n+w) Oln+m)
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D X kstra

Bco\in%uwa’ es 3’.‘& kewne m%a-\'-ven Km\cnzeu\e.h\-e

DUKSTRA(G = (V, E), s) m O (("+'V'3' logy V\\

1 for each v € V\{s} do > Initialisiere fiir alle Knoten die
2 d[v] < o0; plv] + null > Distanz zu s sowie Vorgdinger

3 d[s] < 0; p[s] « null > Initialisierung des Startknotens
4 Q10 > Leere Priorititswarteschlange ()
5 INSERT(s,0, Q) > Fiige s zu Q hinzu

6 while Q # () do

7 u < EXTRACT-MIN(Q) > Aktueller Knoten

8 for each (u,v) € E do > Inspiziere Nachfolger

9 if p[v] = null then > v wurde noch nicht entdeckt
10 d[v] « du] + w((u,v)) > Berechne obere Schranke
11 plv] + u > Speichere w als Vorgdinger von v
12 ENQUEUE(v, d[v], @) > Fiige v zu @ hinzu
13 else if d[u] + w((u,v)) < d[v] then > Kirzerer Weg zu v entdeckt
14 d[v] « d[u] +w((u,v)) > Aktualisiere obere Schranke
15 plv] «+ u > Speichere w als Vorginger von v
16 DECREASE-KEY (v, d[v], Q) > Setze Prioritdt von v herab

S st die Menge aller abogedhlossenen  Knoten foc de wic wissen doss ALV =d (5, v)

ALV) ist 2u ;\“\" 2e} eine obere Schranke {ar (s, v) ,hh es komn nuwr noch  klemer
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/2P e) Shortest Path Tree: Consider the following graph:

i) Find a shortest-path tree rooted at vertex a (e.g., the set of edges selected by Dijkstra’s
algorithm starting from vertex a). You can either highlight its edges in the picture above,
or draw the shortest-path tree below. (If there is more than one shortest-path tree, it

suffices to just find one of them.)
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DFS BFS | DIJKSTRA BELLMAN-FORD PRIM KRUSKAL BORUVKA Directed O New Graph

Pseudocode (DIJKSTRA)

for each v € V\{s} do

d[v] « «; p[v] « null
d[s] « @; p[s] « null
Q«9

INSERT(s, ©, Q)

v ]
f while @ # @ do
\\ \ /s / u « EXTRACT-MIN(Q)
s . - (Q)

for each (u, v) € E do
if p[v] = null then
dlv] « d[u] + w((u,
Check if Q is not empty p[v] « u
ENQUEUE(v, d[v], Q)
P Auto Play | Jump to End sz SF Al = el
dlv] « d[u] + w((u,
pIv] « u

DECREASE-KEY(v, d[v], Q)

PRIORITY QUEUE (Q)
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Graph Sets

You are given an undirected connected graph with n nodes numbered from 0 to n — 1 and m edges between them.

The nodes of the graph are partitioned into sets in the following way. Node 0 forms a set of its own. Suppose that node 0
is removed from the graph. Then, the nodes in each connected subgraph of the resulting graph forms another set.

An example is shown below, in which the nodes are colored according to the set they are in. Specifically, the sets in this

example are {0}, {1}, {2,3,5,6}, and {4, T}

OO

Given such a graph, you have to answer queries of the following type:

1. hasCycle(): Return 1 if the graph has a cycle, and 0 otherwise.

2. hasCycleWithoutNodeZero(): Suppose that node 0 is removed from the graph. Return 1 if the resulting graph has a
cycle, and 0 otherwise.

3. isSameSet(z, y): Given two nodes « and y, return 1 if they are in the same set, and 0 otherwise.

4. getShortestPath(z, y): Given two nodes z and y that are in different sets, return the shortest-path distance between
them.

You have to implement the four methods described above. In addition, we provide an intialize() method which we
guarantee to run before any of the queries. Feel free to use this method, for example, to initialize information that you
want available in all of the queries (of course, the time consumed by intialize() counts toward the time limit of the
problem).

For an easier implementation of the queries, recall and make use of the fact that the graph is connected.
Grading (24 points):

1. hasCycle() (4 points): This query will be run at most once. An O(n + 'm)-time implementation gets 4 points.

2. hasCycleWithoutNodeZero() (4 points): This query will be run at most once. An O(n + m)-time implementation gets
4 points.

3. isSameSet(z, y) (8 points): If g is the number of queries of this type, an O(n +m+ q)—time implementation gets 8
points and an O(g(n 4+ m))-time implementation gets 4 points.

4. getShortestPath(x, y) (8 points): If g is the number of queries of this type, an O(n +m+ q)—time implementation
gets 8 points and an O(g(n + m))-time implementation gets 4 points.



public void initialize() {

Queue<Integer> Q = new LinkedList<Integer>();
visited = new boolean[n];
dist = new int[n];
Q.add(0);
visited[O] = true;
dist[0] = 0;
while(!Q.isEmpty()) 1
int x = Q.poll();
for (int i = 0; i<degree[x]; i++) 1%
int y = edges[x][i];
if (!visited[y]) %
visited[y] = tzue;
dist[y] = dist[x] + 1;
Q.add(y);

I3

set = new int[n];
visited = new boolean[n];
int setCount = 1;

for (int i = 0; i<degree[0]; i++) {
int x = edges[0][i]; // i-th neighbour of 0
if (!visited[x]) {1
set[x] = setCount++;
DFS(x); // finde alle erreichbaren Knoten und weise ihnen

// dasselbe set zu

public int hasCycle() {
return m > n-1 ? 1 : 0O;

k

public int hasCycleWithoutNodeZero() %
int zhkCount = 0;
visited = new boolean[n];
for (int i = 1; i<n; i++) § // starting at i = 1 to ignore O
if (lvisited[i]) 1§
zhkCount++;
DFS(i);

return (m - degree[®] > n - 1 - zhkCount) ? 1 : 0O;

public int isSameSet(int x, int y) %
return set[x] == setl[y] ? 1 : 0O;

12



public int getShortestPath(int x, int y) {
return dist[x] + dist[y];
¥

private void DFS(int x) {
visited[x] = true;
for (int i = 0; i < degree[x]; i++) {
int y = edges[x][i];
if (y == 0) continue; // ignore 0
if (!visited[y]) %
sety] = set[x]; // y is in same set as its parent x
DFS(y);
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