Quiz

In a nonempty max-heap, which node is guaranteed to contain a largest key? Select one answer.

a. The rightmost leaf.

The root.

c. The leftmost leaf.

In a singly linked list, what does a node's next pointer store when the node has a successor?
Select one answer.

a. The position of the node in sorted order.

The memory address of the next node.

c. The key of the previous node.

Given an upper bound on the list's size, the abstract data type List can be implemented using
either an array or a linked list. o wcom'm3 dhat the list will not be ‘0"3" than C

(array requires fixed woximum Size)
False

2 3 4
Binary Search looks for 4in A = (1, 3, 5, 7;9;11,13). Which sequence of values does it
inspect? Select one answer. 43 S
53 cal
a. (7,3,1) Formula: m = _'{'-l
b) (7,3,5)



Quicksort has just partitioned an array of distinct integers around a pivot, as in the lecture. For
each statement, decide whether it is guaranteed to hold.

Wahr Falsch

>< The entries to the left of the pivot are already sorted.

X Every entry to the left of the pivot is smaller than every entry to
its right. +hat's exo.c-\\-a whal *Aufeilen )" does
)( The pivot is in its final sorted position.

How many comparisons between array entries does the lecture's Merge algorithm perform when
merging (1, 3,4) and (2, 5, 6)? Select one answer.

a 5 4 3 4 3 4 3 4 4

o3 LS E T 2SE = S = $6 o g:4,2,3,4,5(]
4

@ G B:[/I, G B‘:[";Z G B=[4,2,3 G 3=[4,2,3)q

During Insertion Sort, the already sorted prefix must contain the smallest entries of the entire
array.

True

4 is on\b rgla¥1v¢|5 sorkd and the elements ace not

necessacily a} teir $inal index

How many nonempty contiguous substrings of the bitstring "010" contain exactly one 1?

(PLI 0
Answer: 4 ‘04’ 40 ) 4" ) 040"

Bubble Sort starts with A = (2, 4,1, 3,5) and makes left-to-right passes. After how many
. . 5
complete passes is the array first sorted? a“&r A pass ® (7_’4 , 2 , ,_" S)

hr 2 :
Answer: 2 b passes (4)2’3’ L')S)




How many integer multiplications does the iterative-squaring algorithm from Homework 3 use to

85
compute a7 az =ax%o
ot = ot xa?
Answer: 3 od = ot 4 al

Let T(1) = 1 and T'(n) = T'(n/2) + n for powers of two > 1. Which tight asymptotic bound
holds for T'(n)? Select one answer.

a. T(n) =0O(nlogn). a=4, b=A1
® T(n) = (n). log(@) = log(4) =0 <4 =b
c. T(n)=0(logn). Master Theorem

=> T = 0(n*) =6(n
Let n range over integers with . > 5. For each statement, decide whether it is true or false.

Wahr Falsch

2" o
m — = lim (?z',» =0

>< 2= 6(4 ) v‘\;.wo 4" pa0e
>< logyn = ©(log,n). basis of ‘°3 doesn't malter
n+l __ n
)( 2" = 0(2"). 2n+4 _ 2.{. _ 6(2")

(sene sc\nw'w.ria)
Let n — 2% for an integer k > 2. How many calls to f does the following code make? Select one

k 2
answer. Jus¥ *‘b k=2. n=2 =2= 4
11 o
while 2 <mn: “'Cl’ﬁ‘lon =4

g=1 ¢1 =2 A cell Kt
jel > 2

J‘:?',‘ i=1

while j < i : o "
MHeration 1 =2 k+4
f() J=1 ¢ 2 =9 Aeell .
j 25 je2 ez @Al - Z‘
i 2i jzet2 )
o k2 eralion i = b o (e (ka2)
a. k(k2+1) 7:;=3 §=1 & 4 =9 Acell 2
- _a el 2 A col
b. 2% 2= 4 V727
cofq &4 2 A cll
J‘
(k+1)2(k+2) 22=6 j=3 ¢4
d 9k+1 _ 1 23'4‘—”;' — -
_ Todal € calls for k=2




Discussion of Exercise Sheet 4

Exercise 4.4  One-Looped Sort (2 bonus points). = Peecamd'm% Au-(sq‘:c

Consider the following pseudocode whose goal is to sort an array A containing n integers.

Algorithm 1 Input: array A[0...n — 1].
140
while ¢ < n do
if i =0 or Afi] > Ali — 1] then:
1141
else
swap A[i] and A7 — 1]
14—i—1

(b) Explain why the algorithm correctly sorts any input array. Formulate a reasonable loop invariant,
prove it (e.g., using induction), and then conclude using that invariant that the algorithm correctly
sorts the array.

Hint: Use the invariant “at the moment when the variable i gets incremented to a new value i = k for
the first time, the first k elements of the array are sorted in increasing order”.

lnv (k) = At fhe moment when +he vaciable | gets incremented 4o a new volue i=k {or
the first time, the ficst k elemends Af0.. k-4) are sorted in increasing order,

R.C: Let k=4 Al {he moment when the variable | Sz‘s incremented Yo 1= 1 for the
fiest Hime, dhe fiest elemend A[0] is sorted in increaging order, becawse a Single
element is alwauys trivially sorted. Thus Inv(4) holds,

LH: Assume Inv(K) for some arbitrary but fixed k€§4,..  n-13

1.8*  We look at the moment when the vaciable i gels incremented 4o i=k for the fiest
tme. By our LH. we know that AlO... k-4] is soried.
Since i=k ¢ n, we stack dne next iteration.
Case AL 2 Ali-4): 3;‘5 incremented 4o 1= k44 for Jhe first time.

Gince A[O...k-4] is sorled and A{\:]? A‘./:::‘], it folows Yhat

the first k+4 elemends A[0...K] are sorled. Thus lnv(k+4) holds.
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Case ALJ < Ali-4]: The algorithwm swaps ALi] repeatediy wilh s lefd neighbor Ali-4)
as long as s left neighbor is striclly larger, 4hat is, unhl i
s ot the correct posihon. This means thal the firsh ka4
elements A[0... K] ore sorled. Then 1 is incremented unkl i=ka4
for the first Yime. Thus Inv (k+4) holds.
Tecminodion:  Assume dhat lav (n) holds. At Yermination when +he loop ends, 1 has the
volue i=n. By Inv(n) the first n elements A[0...n-4] are sorked.

Thus the enhire arroy i soried.



(V"n annoying and Afliculd exercise...)

(b) For the following code snippet, compute the number 7'(n) of calls to f. Give the exact number of

calls. You may use summation signs in your expression.

Algorithm 3 n T Llegitas
70 = bul our sum starls ad 1= 1, as \05(0) is ww}eg;nao\. —‘-(n) = Z Z A
whilei < ndo for 179 no cals hagpen as A=k #7170 i=4 j=4 k=4

g1 B
. - (A
while j2 < ido ¢=>j& |7} "Z ,
. . = \_\03\3-\»4
Jeit+l i=4 J'=4
k+1
while & < ido = k&\legi}+4 n
k «— 2k K € kea = Zuﬁ:l-(l_loslj +4)
3
f0 ‘
11+ 1

(c) Determine a maximally simplified asymptotic bound in © notation for the function 7'(n) from part
(b). You may assume that n > 10.

n
obere Scheanke: T(n) & ;m . (\03(03*"‘) ¢ n-n'- (\03(03“‘3 & n".g. logn £ O(n‘s!osn\

n
untere Schranke: T(n) = ZL‘?_I~(|_|03}J+43
i=A4

[\"

n
D (T -4) - lag(d
i=4

n

> > (7 -4) - log (D
b= 101
22 (5 -0) 1eg(®
2 g(@ —4)- (log(m) -4)
22 2 (5 A togm

el (nd'g log n)

darous to\%\‘ T(n) = e(r\"'s |03n)



Master Theorem

Theorem 1 (Master theorem). Let a,C' > 0 and b > 0 be constants and T : N — R™ a function such

that for all evenn € N,
T(n) < aT(n/2) + Cn’.

Then for alln = 2%, k € N, the following statements hold

(i) Ifb > logy a, T(n) < O(1"). T ¢ a TGE)+ Cn
(i) Ifb = logy a, T(n) < O(n'82% . logn). £ O(n®- log )
(iii) Ifb < logy a, T(n) < O(n'922%),

If the function T is increasing, then the condition n. = 2 can be dropped.

@ Level O: nb
b

b
n
@ @ @ @ e = (_2?

b

Geaph Cce a=12:

. n
Level © ¢ a - (T

@ a‘°3"‘-n -4 - n|°32°

Case b > log,a * oberstes Level dowinierd andece Level vernachlassigbar  => O(nb)

(ase b= log,a: olle Level hoben genaw glach viel Adbet = O(n losn\
Anzohl Level

(ase b ¢ \os-,,a * unterstes Level o\ow\'m'm-‘) andece Level vemac\n\&ss'\%bar = O(n|°5"q)



Rewes:

Totale Acber}: Z

(ase b > log,0

(ase b= log,a

(ase b < log,a

loga" b loga" b loga" - loga" '
. n . n ' q
v [— — n = b a  _ b =4
“(7.' Z""'?_;-b n‘Zﬁ"“'Z(a"
=0 =0 =0 2 1=0
o a
b>loga ¢=> 2" >a ¢=) g6 <4
loga" a 1 o ® ,a o 4 6
b — -L- — - a
h'Z(Q") “'Z(‘l"’) n 4= £ 0()
1=0 =0
b
b= \0310 ¢=> 2 = a
loga" a R . loga" a 1 loga"
= — —_ b b
SR - TE) - T ot
1=0 1=0 =0
b Q
{,4\032q ¢=> 2 ¢ a <=)?'.§>4
loaqa (N + 4
loga" 4 \! (2‘) o -1
SO I
n 2* - n a
1=0 () - 1
loq, N
b /ay\ O )
£ O(h ' (z")
log, N
o °d?
& O(nb- zb-losln)
\osq_n
b &2 Y
£ O(n : 2\067.(hl°)
\037.n
b 2V
€ O(n Cpe

»

0(a™")
O (h log 3

"



Auﬂaa\:em

Let T'(1) = 3, T(n) = 2T(n/2) + n? for n. > 1. Using the master theorem, show that

a=2,b=2,

T(n) < O(n?).

\oaz(a) = \03.,.(‘23 =4 ¢ 2=b = Fall oberstes Level dominiert andece Level vernachlassigbac

Algorithm 1

function A(n)
i< 0
while i < n” do

Jj < n
while; > 0 do
S0
S
Je=Jji—1
[ —i+1
k= g
for/ =10...3 do
if £ > 0 then
Ak)
A(k)

Algorithm 2

function C(n)
ifn < 1 then

return 0

Jj <1

while -/J < #3 do
SO
je—j+1

k— n/3

C(k)

C(k)

Ck)

La)jéff

Mastes Theorem

= T £ O(n®) £ O(n?)

Number of calls

Mastec

Number of calls

3 n
+ S 2:4(%)

1=0 J=4 L=0

M

]

ni-4
E 2n A
1=0

(n"—4+4)'7.n +

4-2-A(1%))

8 -A(1%))
= 2nd +8-A(L%))
9 2+8A(2)

Theorem

= Ay £ O(nd log n)

6
2 4+ 3:(0%)
J 14
3-C(13%))

\r\6 + 3'C("§‘_\

o N

n +

"

Master Theorem

= ) £ On°)



Assume that the call f() does not make any recursive calls. Consider the mutually recursive
algorithms g(n) and h(n) below, where n > 1 is a power of 2.

Let G(m) be the number of function calls to f that the function g(n) makes.
Let H(n) be the number of function calls to f that the function h(n) makes.

Give the asymptotic bound in O-Notation for G(n) and for H(n).

Algorithm 2

function g(n) () G(n) ‘-‘( Z" ) +2-H(3) = n+20(2)
141
while i < n do
f0 n*
1—1+1 (Y H(n) =( Z" ) ZG(n) = n+ 4G(n)
h(n/2) =4
h(n/2)
function i (n) 2
if » < 1then (i) in (i) einselzen:  H(n) = n + 4G(n)
return
i1 = vt (e 20(D))

whilei 1 < 7n2do ¢ i¢ nt+ 4

s 2

0 e rant = n + s BH(D)

741+
i0 &+ b SH(D)
while j < 6 do 3e3 ?

= 2
(iee T e = s+ 8H(3)
Masler Theorem
¢ O(ns)

(i) n (i) einselzen:  G(n) = n + 2H(Z)
=n s 2 ((3) + 46(D))
=n+ ¥+ 86(5)
€ on* +8G(2)

Masler Theorem
& 6] (ns)

10
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Sorliecen

QUICKSORT(A[1..n], 1, 7)

1 if [ < r then
2 k < Aufteilen(A, [, ) ijg‘;i; aﬁ}lnr] mo zwer

3 Quicksort(A,l, k — 1) > Sortiere linke Gruppe
4 Quicksort(A, k + 1,r) > Sortiere rechte Gruppe

AUFTEILEN(A[1..n],1,7)

1e+1 > Index fiir die linke Gruppe
2 j+<r—1 > Index fiir die rechte Gruppe
3 p< Alr] > Pivotelement

4 repeat

5 while i < r and Ali] < p do

> Suche ndchstes Element fiir

0 teitl rechte Gruppe
7 while j > [ and A[j] > p do
N i1 > Suche ndchstes Element fiir lin-
I ke Gruppe
9 if ¢ < j then
10 Vertausche A[i] und A[j] > Vertausche Elemente
11 until i > j D. Schle?fe g{ndet, wenn sich © und
g treffen

> Pivotelement an die richtige
Stelle tauschen

> (Gib Position des Pivotelements
zurick

12 Vertausche A[i] und A|r|

13 return :

gse. NI
Master Theorem

Best Case: T) ¢ 2-T(%) + ¢n =) O(n\03 n)

Average (ase: E[_T(V\)] ¢ O(n \03 n)

(2&&&\“ 9es Pchlr)

_ Teleskop:
Worsh Case:  T(n) & T(n-a)+ cn 00" ey
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Mox - Heap

Voll s\'a'mo\'\%o.r Rinarboum :

e Alle Knolen, die nicht in den beiden untersten Levels

Wurzel

sind, haben genau 2 Kinder.

Knoten
* Knoten im 2weituntersten Level haben 0,1, oder 2 Kinder

* Knolen m untersten Level haben O Kindes

Blatt

> schliissel o unlerstes Level ist von links nach rechis aw(ada\\%-.

Heap Beoﬁnaw\a=

e Schlussel des Knolens 2 Schitssel semer Kindes

Au-‘godoe'- Entscheide ob folgende Baume korrekte Max-Heaps sind oder nichh.

e Y
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ExtractMox: in O(loq n)
A) Wurzel (=Max) entfernen
2) Letztes Blat an die frei gewordene Stelle der Wurzel Yauschen
3) Oie (newe) Wurzel versickern l\assen, dh. so lange it dem orossten

Kind Youschen, bis die \-\ear- Bco\'mwm% wieder 3’\“'.

i) Extract the maximum of the following max-heap and do all necessary operations to
restore the heap condition (it suffices to only draw the final tree). 2 win on PrR-Gma

Ein-‘&s@.m n 0(\031\\
1) sel2e den neuen Knoten an die nachske freie Stelle

2.) Yousche hn mit den Elkern Knoten bis die \-\eaf-Geo\'mauns wieder 33\4.

Au‘sn\ot‘- Fay. den Schlassel 410 ewmn:

(9) (9) (9) ORI
oflofe o OO OO b
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HEAPSORT(A[L..n])

1 H < Heapify(A) 30(,;) ZmWandle Array in Heap

E
9 fori< nn—1,....1do > FEntferne FElemente aus
O(n |03 h) Heap
3 Ali] + ExtractMax(H) 0([0303

Lau{-ze'\\'- O(h \03 n§
Heqfi‘c\s‘- mBa\'m\n w O(n)
4.8 Folle die Elewmente des Artays in  einen vo\ls&&no\'\sm Binarbaum

2) Versickere alle WKnolen in auf s’:e\%eno\er Re.'\\no.n-(c\%e dec Levels

Dars-\-e\\uns des Hax-\-\eaps als Arrauo-.

parent(z) =

Ac\n-\ums :

n Vor\csuna
2\ und 2:+4

12 13 14

left(i) = 27 + 1

= In-Place




A= La.‘ QAq A, - qn]
S— v _

He_ae}%

tausche Wurzel und letzles Blatd

L/\

D
[an a2 a3 ... a,]

vessickemn
>
(a2 An QA q,‘]
— v — A
Weap v (i) = Srasskn i Elemente sind sorliert

Aud sa\oen :

iii) Draw the max-heap obtained from inserting the keys 2, 3, 11, 13, 5, 19 in this order
into an empty heap. It suffices to only draw the final heap. If there are several solutions,
it is enough to draw only one of them.

2 3 11 A
/ = /N 5 /N - /43\ / K \
3 2 a1 /2 3 /44 3 77 44 a3
\ /N 7
12 2 5 13 2’ 53

Draw the Heap after ExtractMax is called three times

63

52 L4

20 2 14 28




Be\'sp'm\ £&r nich} vera\dc\nbaﬁcrks Sockecen:
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BUCKET-SORT(A[1..n|)

> alle Fintrage in {1,..,n}

B[l..n] < [0,0,...,0]

for j < 1,2,...,ndo

BIA[j]] « BlA[j]l +1

for 1<+ 1,2,...,ndo

1
2
3
4 k+1
)
6

7 k + k + BJi

Loul{ze:}:

Bsp:

O(n)

A=12 4 ¢

Alk, ...k + Bli] — 1] < [i,i, .., 1]

€ S 1

funkdiomiert sonst nicht

> Zihle in Bli|, wie oft i vor-
kommt

> Schreibe Bli|-mal den Wert
iin A
> A ist bis Position k+ B[i|]—1
gefillt.

2 ¢

B=[1 1 4 214 2 0 O]

Ausqabe =[1 2 3

4

4

S ¢ ¢



En'\'SC\\é\A un%s‘oaum :

Ja

ag, al, a3

ai, a2, a3

ap,az, az ag, ay, a2 a2, a3, a az, a2, a1

Abb. 2.5 Beispiel Entscheidungsbaum mit Array [a1,az, as)

Wie viele Blatter (= \M83|§c\n¢. Ausaabtn = Anoll Pcrmu\a’a'-onmx? = n(n-a)(n-2)- . -4 = n.

h
Auf Hohe h 3&5’« es qenou 2 vile Knoten.

Wie hoch muss dec Baum mindeskns sein, damit er n! viele Blater haben kann?

2\" 2 g
W g
=92 2 (3)

= h 2 Q(n \o%n)
Aldernativ:
1 Verglarich  ¢=> wir konnen genau 2 Permutationen unkerscheiden
2 Verglerche ¢= Wir kannen genau 4 Permutationen unterscheiden
1 Vergleiche ¢ Wir kénnen genou 2; Pecmutationen unlerscheiden
Wir miassen n! Permutationen untecscheiden

= Wir brauchen Ioa(n!) 2 Q(n \o% n) viee Vera\dc\w.

17
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Absirackle Dahw\-‘apen

Abstcaklion® bedeutet imwmer das Vereinfachen/ Weglossen beshimmier Details eines Problems

Abstrakter Oatentyp: beschreibt was wit den Dalen passieren soll, ohne im Dekail

-fes-\zul&%en wie aenau es  passieren soll,

ADT Liste: e insert(k, L): Fiigt den Schliissel £ am Ende der Liste L ein.

get(i, L): Gibt den Speicherort des i-ten Objekts in L zuriick.

delete(k, L): Entfernt den Schliissel k aus der Liste L.

insertAfter(k,k’, L): Fiigt den Schliissel " hinter dem Schliissel & in die Liste
L ein.

Dres \wp\emen¥}¢run3en des ADT  Liske:
. A"""‘SS: Fester, 2usammenhingender Speichersbereich mit  bekannter Maximalardsse
o Einfach verkeHele Liste : ein Element hal immer einen Poinder 2um nachsten
o 2weifoch verkeMele Liste: ein Element hal immer einen Poinler 2um \Ior\nedaen wund

2uwm  nachsten

Lau{2eiten:
Array | einf. verlinkte Liste | dopp. verlinkte Liste
insert(k, L) O(1) O(1) O(1)
get(i, L) O(1) oM £0(¥) 0 «O(¢)
insertAfter(k, k', L) | O(¥) O(1) O(1)
delete(k, L) O(¢) O(?) O(1)




1. insert (k, L) (Am Ende einfligen)

1.1 Array - Laufzeit: O(1)

1.2 Einfach verkettete Liste - Laufzeit: O(1)

First

Y

k1

1.3 Doppelt verkettete Liste - Laufzeit: O(1)

X

>
%

kl ./—*L

1 R
! [ |
Fy || ko || ks || ka || ks || K |0 '
oo
> ko | @ > ks | @ > k| @ > ks | ® >
) B4
® | Last

2. get (i, L) (Speicherort des i-ten Elements abfragen)

2.1 Array - Laufzeit: O(1)

by [k || s |[le [ s [ s [0
T 7 Tt o
2.2 Einfach verkettete Liste - Laufzeit: O(l)
. k1 o/—‘kz o/—‘kg o/—\kio > ks

2.3 Doppelt verkettete Liste - Laufzeit: O(I)

J

kq

.m.

k2

.m.

k3

19



3. insertAfter(k, k', L) (EinfUgen nach bekanntem Knoten k)

3.1 Array - Laufzeit: O(])

3.2 Einfach verkettete Liste - Laufzeit: O(1)

ki|e I L T > kg |® > ke | ® > kg | ®
N ” ./‘
3.3 Doppelt verkettete Liste - Laufzeit: O(1)

4. delete(k, L) (Schlussel i aus Liste entfernen)

4.1 Array - Laufzeit: O(l)

nach hinten riicken
VN e Va5

Ev || ko || k || ka || B5 || ke || k7 |} ‘

4.2 Einfach verkettete Liste - Laufzeit: O(/)

= > - L7 el

. ky|e ko | kvor |® | - =k ® > kpnach | ®

k(;.

Y

4.3 Doppelt verkettete Liste - Laufzeit: O(1)

L—a 1T, - 27,723 | ——a
ki|e o kyor |[®F-->® k @ «-—Jo|lFkp|® o kg




