Quiz

3n* = O(n°)
34 3 Theorem 4 4
O True lim g =lm & =0 => 3n'#6(n°)
na00 n h-o0
}Xfalse
215 < 0(2") , Qa's-" . 48h -n ) 0.Sn
\\m“ oD = \‘M 2 = lm 2 = oo
OTrue n-= n-e n-0
Xralse Theorem 4 ASn

=> 2 # 0(203

Consider the function T': N — R* defined by the recurrence

T(1)=10, and T(n)=T(n—1)+10 formn > 1.

Enter the smallest value k such that T(n) < O(n*).

Answer: /]

Teleskopieren :
T(4) =10
T(2) = T(1) +40 = A0 +40 = 20

TN = T(D+40 = 20 +40

L}

30

1}

(W= T(3)+40 = 30 +40 = 40

T(n) = 10n £ O(n)

The goal of a divide-and-conquer algorithm is to...

PYRYY) LBsunssweﬁe
T(n) = T(n-4) +40

=(T(n-2) +40) +40

((T(n-3) +40) +40) + 10

T+ 10+ ... +40

= M0On & O(n)

O a. solve the problem by trying every possible candidate solution. (Cﬁ“td nawe I brule -(orce)

Kb. split the problem into smaller subproblems, solve each, and combine their solutions.

O ¢. makethe problem larger until it becomes easier to solve.



Match the following algorithms For the Maximum Subarray Sum problem from the lecture with
their running times (where n is the length of the array):

Naive algorithm O(n®) tecales over all su’os%'m%s
Divide-and-Conquer algorithm 6('\ ‘°5 h) sfms in the middie
Inductive algorithm 6(") uses  Randmaximam

The Maximum Subarray Sum problem can be solved in time O(\/ﬁ) (where n is the length of the
array).

OTrue O(n) s oe’c;ma\
WFalse (we hove Yo read all n numbers, which Yokes 2(n) kime)

Let A[l.. n] be an input array for the Maximum Subarray Sum problem, where n is even. Let
k := n/2.The maximum sum of a subarray of A that contains at least one element of A[1.. k] and
at least one element of A[k + 1..n] can be computed by...

= mus} conlain A[k) and Alk+4]

O a. the maximum non-empty prefix sum oFA[l.. k] plus the maximum non-empty suffix sum
of A[k + 1..n|.

%b. the maximum non-empty suffix sum of A[1.. k] plus the maximum non-empty prefix sum
of Ak + 1..n|.

O ¢ the maximum non-empty subarray sum of A[1.. k] plus the maximum non-empty subarray
sumof Ak + 1..n].

O d. thesum of all elements of A.

k ke
Alu, 2.3, o2 3 [8 R 4,3, o0, 2,-4]

& sulfix sum | prdix Sum =

Consider the search problem with a given input array A[1.. n] and target element b.

IFAis not sorted, then the linear search algorithm with running time @(n) is optimal.

KTrue we have Yo look at all n elemends in worst case
O False



Consider the search problem with a given input array A[1.. n| and target element b.

For binary search, it does not matter whether A is sorted or not.

O True A‘_?,O)"-J
N

XFE‘[SE Search 2: OL? =) Searches on the ria\\’s side ond
doesn't find 3

We can check whether or not an array of length 7 is already sorted in time ©(n).

r SORTED(A)
True 1 fori<1,2,...,n—1do

O False 2 if Afi] > A[i + 1] then return false

3 return true

The Bubble-Sort algorithm sorts the elements of a given array by...

O a. always comparing the first and the last element.
O b. always comparing the smallest and the largest element.

Bkc. always comparing neighboring elements.

Consider the following pseudocode snippet:

Algorithm 1

i+ 1

while : < 3n do
f()
te—i+1

J<0

while ; < n” do
f()
f()
f()
jei+1

Which of the following expressions correctly describes the exact number of calls to f?

O a.

3n n2
d1+)3
i—1 =1

b. 3n n?
X d1+)3
i=1 =0

i=1 j=1



Discussion of Exercise Sheet 3

Exercise 3.1  Asymptotic growth.
(a) Prove or disprove the following statements. Justify your answer.

(1) For all a,b > 1, suppose » € N and n > max{a, b}, then log,(n) = ©(logy(n)).

Let a,b>4 be o«r\o\’fmns

_ |o§b (h) _ 4

|03\,(a) W ' \Oab(h) = e(\oab(n))

loga (n)

Fazit: Die Basis spiekt asbmﬁohsch kene Rolle. Alle Losm]-}hwnen

wachsen asnmp’:ohsch 8leick schnell.

(2) Forall a,b > 1, suppose n € N, then a™ = O(b")

Geoenbeispiel: a=1,b =2

n n

LA L .4
\(W\ L = ||m 2" = \wv\ = O
no0 o0 n-ooo
Theorem 1 n
n
= a #FOW")
(b) (1) Prove that lim,,— % = 0.
Hint: Use L’Hopital’s rule.
n n L‘“sf. A
lim log(m) = i I = |, 2 =lm n-n(d =00
n-oo naeco  In(2) n-oo n"o



(2) Prove that lim,, .. n(e'/" —1) = 1.
You may use the following variant of L'Hoépital’s rule:

Theorem 2 (L’Hépital’s rule (going to 0)). Assume that functions f : R™ — R and g : RT —
R are differentiable, lim, oo f(r) = limy 00 g(x) = 0 and for allz € RT, ¢'(x) # 0. If

lima oo % =C € Rorlimg_oo % = 00, then

lim M = lim f'(x)

200 g(x) @00 g’(;p)'

4
‘. -‘- . e,h-4 . . . ||°Il
W n (2“ -4) = ‘lm P Um-‘\ormu\ns wal wie die Form 0 for Uhdodal brauchen
o oo noo @
& 4
oben: %a’ O, deshalb " o e =4, deshalb ¢"-4 =0 v
wnien: % -0 Vv
' ! . A
Ab\eﬂunsi (3‘,\ = (n"d) =-nt=- n
L'Hse. : A
e A ()= " (&) = -
= -3 -
Ke.#knru:)g\
A
= | e"
1144 ot
Y- e _r
gl e
= 4 U)Q\\ {7 Q-“‘ = e @

na200

Das “Limes hineinzehen" ist nicht immer e_r\amM-,
A

. = o
Beispiel : 2=1lm 2 = lim ')_n "=l (") =lm (7Y =4

a2 a0 n-Y0d nooo

1EY

Ro.?)e.\ {ce A%D: eclaubt wean die Rasis konstant ist.

Anderer L3sun33wg3 mit Subshilution b=':1

3 V.4 Lk 9
. - . A
‘lW\ n- (C" -4) = ‘lvv\ 2 (QS.A) - \‘ e’__ — I. i_ —
WA ™ 4
n-a Y0 Y Y40 9 Yoo 1
Subshinlion (6:% L=y n=% >

wesl na—’ (o)

(¢
wenn n—im)domh ta':‘v'!\ 0 -co\%'\ Q‘o—7€.=/1



Exercise 3.2  Substring counting (2 bonus points). -> peec 30’00\\03

Given an n-bit bitstring S[0..n — 1] (i.e. S[i] € {0,1} fori =0,1,...,n — 1), and an integer k£ > 0, we
would like to count the number of nonempty contiguous substrings of S with exactly & ones. Assume
n > 2.

For example, when S = “0110” and k = 2, there are 4 such substrings: “011”7, “11”, “110”, and
“0110”.

(a) Design a “naive” algorithm that solves this problem with a runtime of O(n?). Describe the algorithm
using pseudocode. Justify the runtime (you don’t need to provide a formal proof, but you should
state your reasoning).

Jus! terate over oMl Poss'\Uc. Su\:s-\»r'mgs Leom 1 o J ond count he Ones

Algorithm 1 Naive substring counting

c+0 > Initialize counter of substrings with k ones

fori <« 0,....,n—1do > Enumerate all nonempty substrings S/i..j|
forj<i,....,n—1do

z <0 > Initialize counter of ones

for/ +i,...,7do > Count ones in substring
if S[{] =1 then

r—r+1
if x = k then > If there are k ones in substring, increment ¢
c+—c+1
return c > Return number of substrings with k ones

Runtime: The nested for-loops have three levels and each level has at most n iterations, leading to
O(n?) iterations in total. Each iteration runs in O(1) time. Thus the total running time is O(n?).

(b) We say that a bitstring S’ is a (non-empty) prefix of a bitstring S if S’ is of the form S|0..i] where
0 < i < length(.S). For example, the prefixes of S = “0110” are “0”, “017, “011” and “0110”.

Given an n-bit bitstring S, we would like to compute a table 7" indexed by 0..n such that for all i,
T'[i] contains the number of prefixes of S with exactly i ones.

For example, for S = “0110”, the desired table is 7" = [1, 1, 2,0, 0], since, of the 4 prefixes of S,
1 prefix contains zero “1”, 1 prefix contains one “1”, 2 prefixes contain two “1”, and 0 prefixes
contain three “1” or four “1”.

Design an algorithm PREFIXTABLE that computes 7" from S in time O(n), assuming S has size n.
Describe the algorithm using pseudocode. Justify the runtime (you don’t need to provide a formal
proof, but you should state your reasoning).

Algorithm 2
function PREFIXTABLE(.S)
T[0..n] < an array of (n + 1) zeros > Initialize array
5+0
fori«+0,....,n—1do > Enumerate all prefixes S10..1]
s+ s+ 5[i > s saves the number of “1”in S[0..7] =
T[s] + T[s] +1 > S[0..7] is a prefix with s “1”

return T’

number of
As seen S0 {ar



e we have exac.‘\\ca one new PmQx for every \

o g slores the number of 4s of this Pre.-fix

¢ Therefore we add 4 4o TIS], because we hoave seen one moce prefix wih s 4s

Remark: This algorithm can also be applied on a reversed bitstring to compute the same table for
all suffixes of S. In the following, you can assume an algorithm surrIxTABLE that does exactly this.

(difficuld)
(c) Consider an integer m € {0,1,...,n — 2}. Using PREFIXTABLE and SUFFIXTABLE, design an al-

gorithm sPANNING(m, k, S) that returns the number of substrings S[i..j] of S that have exactly &

omes and such thatd = < =) smbs’fr'mﬁ must include index m and m +4

For example, if S = “01107, k = 2, and m = 0, there exist exactly two such strings: “011” and
“0110”. Hence, SPANNING(m, k, S) = 2.

Describe the algorithm using pseudocode. Mention and justify the runtime of your algorithm (you
don’t need to provide a formal proof, but you should state your reasoning).

Hint: Each substring S[i..j| withi < m < j can be obtained by concatenating a string S[i..m] that
is a suffix of S[0..m] and a string S[m + 1..j| that is a prefix of S[m + 1..n — 1].

Mm ma1 J

S: LAJO) "I' » O,A,/"B],E,O) 4 y - A’O]

— Su—mx\ob\z\ Prefixlable —
p ones \ k—p ones

-\o¥q\=f)+ k-p = k ones

Algorithm 3

function spANNING(m2, k, S)
T + surrIXTABLE(S[0..m])

T5 ¢ PREFIXTABLE(S[m + 1..n — 1])

min(k,m . o [
return Ep:éli(ofkl_) (nem—1y)(T1[p] - Ta[k = p]) derate over all Pess&»\t. es

y4

o pik because we don't want more than k ones
P& mid because the lef} side has \c.na’fh m+ 1
P2 O becouse we can'}t have a neaq-\-'ow. numbec of ones

PZ k- (n-m-1) because the riﬁH side has ""‘3“"‘ (n-m-4)

Runtime: Computing both tables takes O(n) time, and the sum has at most n terms, each taking
O(1) time. Thus the total runtime is O(n).



Exercise 3.3  Counting function calls in loops (2 bonus points).

For each of the following code snippets, compute the number of calls to f as a function of n € N.
Provide both the exact number of calls and a maximally simplified asymptotic bound in © notation.

Algorithm 1 n 2n
i+ 0
® while # < 1 do Number of calls = Z ® + Z g
0 =9 i=0
0 - = (n+A)-2 + (2n+4)-4
141
j<0
while j < 2n do = An+l+2n+4
[0
o i1
JEIT = 4n+ 3
= ©(4n)
Algorithm 2 n i3
(b) d<+1 Number of cals = -Z- _2- 4
while i < n do 154 y=4
Jg1 n_ .
while j < i3 do = E [
S0 i=4
Je—J+1 .
i it 1 _ n*(n+4)
- Yy
T n 3 _ n*(ntl)?
Hint: You may use) ;_ ;i° = ———. = O(n")



Suchen

LINEAR-SEARCH(A[1..n|,b)

1 fori+1,2,...,ndo
2 if A[i] = b then return ¢
3 return “nicht gefunden”

* Anwendbac Lar loe.\ie\oise Arrmas (ouch unsorhiecte)

e Worst case Laulzeid: O(n)

BINARY-SEARCH(A[1..n],b)

14+ 1;r+n > Initialer Suchbereich
2 while ¢ < r do
3 m <« [({+7r)/2]

4 if A[m] = b then return m > Flement gefunden
5 else if Alm|] > bthenr+ m—1 > Suche links weiter
6 else f +— m+1 > Suche rechts weiter

7 return “Nicht vorhanden”

o Anwendbac nuc {ar sochecle Arrmas

* In ;\zo\u \teration holbieren wir den Suchbereich

e Worst case Laufaeit: 9(\03 n)

Beispiel: 2=A m=5 r=A40
. J’ \\/ y
BinarySearch(a34: 3 4 2 8 4 90 M 44 S g 265
0=C vr:z 1=4o
t v
3I——7—38—9 20 3 44 59 26§
P=m=6 =3
i y
—4——38—9 20 3 44—59—29€5
e=lr=hn= >
ZT—4—F—38—94 26 M 44—59—265



10
Infuihion far die Laufzed:

. \03(") =" wie oft muss ich n hobieren bis ich ber 4 omkomme? .

(-‘Cr nf'Zk)
* Alaemein: \osq(n) = " e oft muss ich n durch a teilen bis ich ber 4 ankomme ! '
| (fzr n=ak)
Bsp. |03('$23 =5 wall 32 :v A6 :7 b3 5 [ -‘:a 2 .i A
|03(83 =3 well 8 5 4 332344
|03(¢|3 = 2 wel 4 5 2 34
A 2 3
|o%3(2}) =3 wal 2325 93334

Mehr Intuhion far \oa. Geserie :

log(a-5) = log(a) *+ log(i): log (4 %) = log(®)  + log(®
wie oft 4-§=32 wie oft 4 wie oft 8
halbieren bis 4 halbiecen bis 4 halbieren bis 4

log (2:2)-(222)) = log(22) + log(222)

N 14/ \/ \l/
S = 2 + 3
loa, (X) loq, (€1) ¢
l°3a (x) = 'b_g%a ’ \osq(ck) = '\_‘%m , 3=3

A

5 ?i 3 4 s 'c
\03-,_(6"0:6 v 64 — 32— A6 2 'S 5459 2 A
A 2 3
4

log (66) =3+ 64— 46 —— L —— 4

\os-,_(l-c) 20: Loa2oa

[N

weil der violelte Pfeil
genau 2wer blauen Qn-\-sfaric\r\l-.

3 Korcektur - Faktor

24
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RBasis = Pfeil —Lo’mse

\os(ab) =b- \03(00=

\og(qg) = log(z2) - (2:2) (2-2)\ log (2:2) + log(22) + log(2:2)

3 |03(2-2)

A 2 3 4 s (4

\03(H3)=€= GU = 32 246> Q> L—o2—4
1 2 3

|o3((-|\=2 : '—1"-)2:74

Deshalb st \03(4) =0 , well wie O Plele bis 4 brauchen, da wi Jo schon bai 4 Sindl.

Deshalb ist |03q(°) =4, Wwel wir von a noch A oenan einen Pleil 5 brauchen,

Foar 02 x «4 st log(x) negahiv, weil wir die Plele rhckwards bis 4 gehen,
- -2

A A t2 A 12
og(§) = -2 & Fe 4
-4 -24—1’5"—-"4-5
4 2 oA 2 A 2 A 2 4 o
\03(33\*-5'- BT 3T g g1
o4 243
A I N
loga(23)=-3: 33 3“3 1 v

Deshalb st log(x) undeliniert fac x ¢ 0, wel wenn

wir bei x (negatv) stacten, werden wir durch Yeilen

ne 2u 1 ( Pos'nl'w) kommen kannen.
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CSortieren

BUBBLE-SORT(A[l..n])

1 for j« 1,2,...,ndo
2 fori+ 1,2,...,n—1do

3 if Afi] > Ali + 1] then
4 tausche A[7] und Afi + 1]
Vers\ejc\r\eﬁ n-(n-4) = O(n*)

Ver-\o«usdnunse.h'- O(nM)
Loulzeik: O (")

Inv () Nach Mterationen der aussecen Schlele sind die 3 8r6ss¥en Elemente

om rick¥§3en Ocl.

Beweis- Schema f{ar SorMer-A\sor]-\\nmen!
A) Iv(y) = ... formulieren
2) Base case: lnv (0) ‘2233“
3) LW Wir nehmen Inv(j) on f&r ain 'oe.“e\n's%c.s 0&)&n-4
4) IS: Unler dieser Annahme 2eiqen wic, dass nach einer waleren lteration
\nv (§+4) 3‘.“,

§) Terminahon: Wir 2233041, dass {alls Inv(n) oilt, dass dann das Arm-.:) sorhier} st



SELECTION-SORT(A[1..n])

1 for j<nn—1,...,1do
2 k < Index des Maximums in A[l, ..., j]
3 tausche A[k] und A[j]

Vers\e.'\che_'- A= Yy =Ty = O(n*)
3:4 j=0
Ver-\-qusdrwmse.m O(n)
Loulzeit: 6 (»")
lnv () «3\@'\& wie Bubble - Sork: Nach | Mterationen der aussecen Schlafe sind

die 3 Sn‘:sskn Elemenle owm ric\n¥\3e.n O«¢l.

INSERTION-SORT(A[1..n])

1 for 7+ 2,3,...,ndo
2 k < Kleinster Index in {1,...,j — 1} mit A[j] < Alk] —= wn¥ B‘tﬂQNOSQOA'C‘ﬂ
> A[j] gehdrt an diese Stelle k

3 z +— Alj] > merke Alj]

4 verschiebe A[k,...,j — 1] nach Ak +1,...,]]

5 Alk] =z
Vere)\e_lc\nu O(n \03 n) Bsp. 3=3 2 4 3314 8
Ver-\-qusdr\unse.h'- O(n") %ﬂ
Loaulzeit: O(n") 23 4918

lnv () Nach Mterationen der Schiele st dos Tel\ormb Al1...y] sorkerk



MERGESORT(A[l..n],1,7) > sortiert A[l, ..., 7]

1 if ] < r then

2 m <+ [(I+71)/2]

3 MERGESORT(A, [, m) > sortiere linke Hiilfte

4 MERGESORT(A, m + 1,7) > sortiere rechte Hilfte divide and conquef
5 MERGE(A,l,m, ) > verschmelze beide Hdlften

MERGE(A[L..n],l,m,r)

1 B « neues Array mit r — [ 4+ 1 Zellen > so gross wie A[l,. .., 7]
9 i ] > erstes unbenutztes FEle-
ment in linker Hdlfte
. > erstes unbenutztes FEle-
3j+—m+1

ment in rechter Hdilfte
4 k<1 > nachste Position in B
5 while i < m and j < r do > beide Hilften noch nicht

ausgeschiopft
6 if A[i] < A[j] then
7 Blk] «+ Al
8 t i+ 1
9 kE+—k+1
10 else
11 Blk] «+ A[j]
12 j—j+1
13 k+—k+1

> wenn die andere Hilfte

14 iibernimm Rest links bzw. rechts . -
ausgeschaopft ist

Loufzeit von MERGE: O(n)

Totale Lonlzeit: T ¢ 2T(D+d-n wnd  TCA) = ¢
Teleskopi
13 e;;fum T ¢ OCn- \03 ,-.)

2usadzlicher Sfeicher'- O(n) {Gr das Arrm.o $]



Bsp. 8 4 3 15 3 9 Rethealolge im Algordhmus

— 1T
28 4 7 15 3 9
L~ TN\, T~ seld up
8 by 18 3 9
N\, N LN
4 5 3 6 1" S 42 3 3 e Base Case
N/ \/ N
4 > VY 293
v%:_/ \>AS L/
4%¢ 1359 MERGE
\ ) /
D
A345 3289

Au&csa\oe.n :

g) Sorting algorithms:

i) Consider the sequence 6,5,4,1,2,3. How many@ does Bubble Sort perform to
sort this sequence? Give the exact number of swaps required.

LY Y 3
~VTVVY NNV ~ANVT)
5'"’Ll+?> =12 G.S-IL'lAlzlz - SIL"A’ZO‘&)C = “)")2)3)5’6 - 4”"3)“>S>6

ii) Consider the sequence 6,5,4,1,2,3. How many@ does Selection Sort perform
to sort this sequence? Give the exact number of swaps required.

v N - L '’
L' Gls'q,4’2’3 e 3'§‘L"A,2)c - 3,2,L"4)s’c - 3’2,4)“’$’C-’ 4)1'3"‘)S)c

iii) Let n € N be an number and consider the sequence with the following structure:
2,1,4,3,6,5,...,n,n— 1.

How manydoes Insertion Sort perform to sort this sequence? Give the exact
number, not just the asymptotics.

Yy oY <Y Y

'2,")"',3,6,5 TR n,n-41

|



True | Folse Queshions:

(Yl All four algorithms can sort any list of comparable elements correctly.
(V] Only Merge Sort can guarantee a worst-case time complexity better than O(n?). (amons these -(our)
N Bubble Sort compares distant elements in the array during each pass.

K Insertion Sort inserts each new element into the already sorted part at the final correct
position.

KSeIection Sort may perform fewer comparisons if the input list is already sorted.
X Merge Sort always splits the list into two equal halves.

. Bubble Sort and Insertion Sort both have an average runtime of O(nlogn).

Y] Merge Sort's runtime does not depend on the initial order of the elements.

["] Selection Sort performs fewer swaps than Bubble Sort in most cases.

K Insertion Sort requires extra arrays to perform its sorting.

V1 Merge Sort typically requires additional memory proportional to the size of the input.
Bl Selection Sort always performs exactly n — 1 comparisons.

M Bubble Sort can terminate early when no swaps occur during a pass.

[] Merge Sort is an example of a “divide and conquer” algorithm.

X Bubble Sort is usually faster than Merge Sort on large, random datasets.
NSeIection Sort adapts its runtime when the input is already sorted.

Y] Merge Sort can be implemented recursively or iteratively.

["] Bubble Sort, Insertion Sort, and Selection Sort all sort in-place.

N Merge Sort sorts in-place without using additional arrays.

¥ All four algorithms determine order by comparing pairs of elements.

V] Merge Sort divides the list until each sublist contains exactly one element.

[Y] The worst-case runtime of Bubble Sort and Selection Sort is the same.

[Y] Insertion Sort moves elements to make space for the current value being inserted.
N Merge Sort avoids element comparisons when merging sublists.

XSeIection Sort and Bubble Sort perform the same number of swaps in total.

] Insertion Sort can outperform Merge Sort on very small arrays.

ﬁ Bubble Sort is primarily used in practical applications for large datasets.

X Any sorting algorithm is in 2(n logn).

16
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M Selection Sort can be better than Bubble Sort.

X Merge Sort is always faster than Insertion Sort.

M Merge Sort has O(n?) comparisons. O (n log n) € O(n?)

B{Insertion Sort runs in O(n) time on sorted input.

B Bubble Sort’s best case is faster than Selection Sort’s best case.

BL Merge Sort’s runtime depends on how sorted the array already is.

M’Selection Sort's number of comparisons depends on input order.

X Every comparison-based sor‘r,‘must perform Q(nlogn) comparisons in every case.

Varia

Anmerkun% 20 Maximum

Varionte 1: T¢§\Prob\cm=
Rekursion :

LBSun%:

Variante 2: To.'\\‘.vrob\em=

q\got;'\hm

Subarra\s Sum

RLD := 3:355-\2. Summe enes Su\mrrmas, Aas in \ndex | endet
RLi+4) = wmoax$aina, RLT*+ a3

mox R, oder O falls ol Arro«oeleme.n’ee ncaa’t;v sindk,

ALitn

R := achs-\e. Summe emes Su‘oarra‘as, Aas in \ndex \ eno\e-\-’

oder 0 falls sie negativ ish.

Rekursion: RLi+4]) = W\OJEO, RLV) + qi-wl%
LBSun%' max Ro
A&i&n
%e'-sp'-e.\'- Arm\y LQ;"S;q:/')-‘Z)?:-?’)‘Aq)AJ2]
R wit Variante 4: ‘.7-)'3,"',5,3)40,?)'?)4» ?’]

R wmit Variante 2: l2,0,4,5,3,4,%,0 ,4, 3]
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Forvne\h -(‘c;r Summen

Index Shifi:

Reverse:

Number of elements:

SP“" up by range:

ch“n% o#( 4eﬂns=

L;nearil-va:

Sum of one element:

Index renam'ma :

Swof ordecr:

Tcionsu\ar bounds:

b b+

S Q) = 5 £G-o)

i=a iTasc

b b n n

Z £G) = Z £(a+b -}) wnd insbesondere Z £6) = Z £(n-1)
iza i<a i=0 i=0

b

3 4= b-a+A (falls b 2 a)

iza

b ™ b
Y AG) = Y 4G + PR 10) (falls a ¢ m ¢ b)

iza iza =mad
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