Qu'\'t

In the computation model used in the lecture, how do we measure the running time of an
algorithm? Select one answer.

@ By the number of elementary operations it performs. (-(rows \QC“U\WA
b. By the number of digits in its output.

c. By the number of seconds it takes on one particular laptop.

In Karatsuba's algorithm as presented in the lecture, the smaller multiplication problems are
solved using the same idea again, until only single-digit multiplications remain.

(True) .
= Recursion

False

What is the maximum subarray sum of A = (4, —6, 3)?

-
[}
Answer: [__|
1000n < O(n?) - 4000n L. 4000 _ 4
no oo nt n-H09 n
- 2 2
False anderer Lommaswa%: 1000n & 1000n* £ O(a*)

Let f(n) = bn + 2 for positive integers n. For each statement, decide whether it is true or false.

True False
X feeo(.
X feo(n).
X feem.

Ch+2 £5n+2n = In £ O(n)

= Sn+2 = B(n)
Sn +2 2 SV\ Z.Q.(h)



For any real numbersz and y, if x < 5andy < 5, thenz < y.

True

Cne%ean.}sp'leh x=h, Y =2

Karatsuba's algorithm multiplies two n-digit numbers, where we assume for simplicity that n > 2
is a power of two. How many recursive multiplication calls on two n/2—digit numbers does one
step make directly? Select one answer.

2 / ‘ T
@ 3 ap - b() ai - b1 alfao blfbo

SN N /\

Let S = Zle i2, where k is a positive integer. Which term must be added to Sy to obtain Sj 1

? Select one answer.

ke4 2 2 2 L
a. k+1 S _z-.z:,,",,{'_,g 4 + (k-a) + k + (ksa)
k*‘ - ! LN 4.
® o1y -
Sk

c. k?

d. i’

e. (i+1)°
For alist of n > 3 distinct integers, a recursive call has found the maximum a’ of a1, ..., a,_1.
Which comparison is always sufficient to determine the maximum of the whole lista1,...,a,?

Select one answer.
[“": 02,83, ... %n-2,00.4, @n ]

a. Compare a; with a,,. — v —
: e £a
b. Compare a,,_1 witha,,. alie =a
@ Compare a’ with a,,. (aus Exercise 2.2)
Let A = (ay,...,a,) be an array of real numbers with n > 5. For each j € {1,...,n}, let
S;= Egzl a; be the sum of its first 7 entries. Which expression equals as + a4 + a5? Select
one answer.
© s Lo anasyouyos, oo
b 55_53 522044‘“')_ Ss'=a4+q7_+q34.q,_‘+qs.

c. S5+ 8 Sg - Sq = Qz+ay +ag



What is the maximum subarray sum of A = (-3, —1, —4)?

das \eere Su\:qrrma wm}d Summe O

Answer: @) i+ \mmer auch eine msa\ic\w. LBSuns

For any odd integer b € N, the following holds:
If f: Ny — N satisfies f(n + 1) = b- f(n) forall n € Ny, then f(k) is odd for all k € Nj.
Here Ng = {0,1,2,...}.

True C:‘Desenbo.ispieh f(0)=0 wund b=4

For any two functions f, g : Ng — Ny, the following holds:

If £(0) > g(0) and f(n + 1) — f(n) > g(n + 1) — g(n) for all n € Ny, then f(k) > g(k) for
alk e No.

Here Ng = {0,1,2,...}.

False

Bose Case:  Sai k=0. £(0) > 3(0) shimml, desholb git die Aussaqe fee k=0
\no\u\d'\ov\s-\-\bfo-\\\nse'- Wi nelmen an, dass die Auussacbz. Lz en \oz\'\e.‘o'ssﬂ.s k eN, 3’.\{
dh. £(W)>q)
Indulckions - Schritd: Wir wollen dlie Aussage {ae kaa 2€igen, dh. f(k+4) > g(k+a)
fCkaay = fCka4) - £(K) + £CK)

> qlk+4) -g(k) + .f(_“l

I.H.

> gq(k+4) - (k) + la_(_kl

= 3(\“4)

Somit st die Aussage fae alle k20 bewesen per Indukion,



Discussion of Exercise Sheet 2

Exercise 2.1  Induction for inequalities.

(a) Prove via mathematical induction that for all integers n > 5,
2" > n?

In your solution, you should address the base case, the induction hypothesis and the induction step.
Base Case:  Sei k=%
S 2 . . .
2 =22>25=5" shmwm} , deshalb 3:\-\ die Aussw3c for k=58

\no\u\d'\ons-\-\beo-\hnse'- Wir nehmen an, dass die Au\sso%e. Lar e \ge.\'\e.\o'\y.s keN, k=S 3]\*.

k
dw. 2 > k"

o

A
lnduktions - Schridd: Wir wollen dhie Av\ssqae {30 ke 20.';3«\,0\.\«. > (k*ﬁ)z

k+a k
2 =1

[~

I.H. 2
>2-k

e
2k 4 Sk
= k1+‘lk+3k
> W +2k + 4

= (k+4)"

Sormi}t st die Auss«ae. [ae alle n2S bewesen per Induktion,



(b) Recall that the Fibonacci numbers are defined by fo = 0, fi = 1 and the recursion relation f, 1 =
Jfn + fnoiforalln > 1. For example, fo = 1, f5 = 5, f10 = 55, f15 = 610.

Prove via mathematical induction that f,, > % -1.5"forn > 1.

In your solution, you should address the base case, the induction hypothesis and the induction step.

"

AEUNED Wil

Basg CQSQ" Qe k=4 'fd =A 20S8-~= :;‘-4.5‘ S‘“W\W\") o‘QShA“: 3!“' die A\ASSG%C -('Qr k=4

Say k=2, 4‘2:4 2035 = %-4.5’2 s-“mm"t) deshalb 61\-\- die Aussase. -('C.r k=12

\no\u\d'\ons-\-\‘apo-\\mzse'- Wi nelmen an, dass die Av\ssq‘be. L& e \oa\'w.‘o'\y.s kKEN und k+1 3‘.\4,

K A ka4
dh. £, 2345 und ., 2345

k+2
Indukhions- Schrdd: Wir wollen die Ausso«ao. {a ka2 Qz'ssen,d.\n. .{k 4 2 %-4.5

def.
‘[ktz = g‘k-m "’f_li,
IH. ka4 k
2 3-AS  + TAS
: ! : S L) ausklammern

k
T AS - (AS+4)

k
“AS - 2S5

n
wi>

) As*= 225 <25

v
w(a
>
n
S
n

N

L) Po‘lcn‘zsesdr%

"
w(a
>
«n

Somit st die Aussage {ar olle n24 bewiesen per Indukhion,



Exercise 2.2  Induction for algorithms (2 bonus points).

We are given a list ay,...,a, € Nofn > 1 distinct integers and our task is to find the maximum

element a* in this list:
(i) a* € {a1,...,an}.
(ii) a* > a;foralli =1,...,n.

Consider the following recursive algorithm:

Algorithm 1 Recursive maximum

if n = 1 then

return a;
else >n > 2

Apply this algorithm recursively and find the maximum element a’ among ay, ..., an—1
if ' > a, then
return o’
else >a < ag

return a,,

Prove via mathematical induction that this algorithm correctly returns the maximum element of the

given list of numbers.

AussoQU Der A\sor'\-\\\mus 3’\‘o’c das Maximum der Liste korrekd 2urack

Base Cage: Sei k=4, Der Algorithmus gqibt o, 2urick, welches das e'mz'vae.
Element der Liste ish. Bs g aq € 3243 und o294 dh. () wnd (2)
sind erfclt. Deshalb gt die Aussa3e for k=4,
Induktions - Hypothase: Wir nehmen an, doss die Aussage 4 ein loeliebiaes k €N gilt
dw." Der A\%or'\'\\\mus qibt das Maximum dec Liste korrekt 2urack f{ar L&n%e. "
Indukdions-Schritd: Wir wollen die Anssage {5 Lid 2eiqen, dh. “Oer Algorithmus gibt das

Moaximum dec Liste korrekt 2uriack {ar L&n%oz. kada"

Do k+4>4 sk, Wwicd der A\«aor'.“r\mus rekursiv mit Limae k auScaek\nr\',

Oie LH 3acom¥\er\, doss o' ¢ $0.,...,%} wnd o 2 a far =4,k



Case “"“k-m" Oer A\Sor'n-\r\nmus SRH o 2urinek
Bedinguog () ish ecfclt, da o' €3a.,.. .0k} per LW
und somit it auch o' €$a.,..,91443
Bedingung (2) W) erfalt, da o' 2 a fxe i=4, Kk per W
und somit %}“ 2usamman wmit a'> a4 auch az2a; §r =1, okt
(ose a's Asa’ Der A\sor'v\'\nmus 3'\’0* Opan 2urinek,
Bedlingung (4) s} erfalh, da ay,, €304, 0k}
Beo\\nauns @) s} erfal, da o' 2 a; far1=1,.. K per LH.
Zusammen mit a, 20" g agsq2a 2 o fzri=1,.. k

und somit Oksn 2 & foci=A,. ke

Somi} st die Auswae. [ae alle n24 bewesen per Indukion,



Exercise 2.3  O-notation quiz (2 bonus points). > Pguarow“ﬂj -F!Zr \neu’:e

(a) For all the following functions the variable n ranges over N. Prove or disprove the following state-
ments. Justify your answer using Theorems 1 and/or 2.

(1) 2n® +10n? < O(ﬁnG)

”
. 'an-n-AOn" . n . A0n- L a2 N 40 _ o
'lW\ A 6 = \\M A6 A g = ‘\M -A—-n th = O = True
noo Zo0 N na00 350" wo" Nn-0° 350 100
(2) n'*+2n%+7 < O(100n%)
A0 2 P 7
LI L e . L X
‘IM A00 V\Q = \IM Agons AOOn‘\ AoOns \IM A00 AOOn’ AOOnS = =) alse
na"” n=00 n-oo
(3) 61.27?, S O(en)
Aln
. = . A2n-N ., 0.2n
liwn n i e = lm e = 00 = False
n-o oo e noaoe n-100

2n+3
(4)* nn+1 < O(n?) (This question does not count toward the bonus points.)

2n+3
) n N4 2n+3 _, 2n+3 _ 2(n44)
lim 2 = lim n "+ = lim n "4 n4
naod n naoo nao
A
43 - 2(n+4) A n+a A
= | 2 n-M( = 1 n n(n ) o meaIn()
m n lim n = lim e = |lm e -
hao naoo naoo naoo
LT A
) n (n) L_f“"' ) Y v A _ L
\\\m naA - (%) 1 = \m n - (0] = lrue




Exercise 2.5  Asymptotic growth of In(n!).

Recall that the factorial of a positive integer n is definedasn! =1-2-. ... (n — 1) - n. For the following
functions n ranges over N>o.

(a) Show that In(n!) < O(nlnn).

Hint: You can use the fact that n! < n" forn € N>q without proof.

\h(n‘.) & \h(ﬂn) = nlan £ O(n ‘nn)

(b) Show that nlnn < O(In(n!)).

Hint: You can use the fact that (%) 2 < nl forn € N>o without proof.

. nalnn ., plan
LB R T
- l‘i,‘"w 2 n (D)

. Zinn

= l‘_’,"‘m n($)

2inn

l‘_‘;ﬂw hn -n2

-z
= lm 42
n- o nn

2
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Maximum Su’oarrag Sum

(:)e.%&\oew Arrou:) der Lc'mse. n. Schreibweise Al1,...,n] oder (aa, Qq, ...y Ap)

Giesucht: Stactindex i und Endindex = wober 4 &1t ;¢ n,

J
sodass ) %k pmaximal is}, (Die leere Summe ist 2usatelich awch erlaubt)
k=1

.|=3 J,_c
Reispiel: [2,-5,4,4,-2,3 -3 -44 1, 2]

3
:qk =44+4-24+% =40
k=3 =
Tz'-\prob\em'- Randmoximum R = ,3‘333.\9_ Summe eines Su‘oarrq‘as , das in Index \ endet
Reispiel: Atrmy ‘.‘2,'5;")4)'2;?:-3)'/“')4)2]

Randmaximum: [2,-3 4,5 3,40 % -3 4, 3]

X L 3 b

( S\ABO\erla new bCS;“NU\)

LBSum«a'- mox R  oder O falls alle Arm.:)e\c.me.nk neao’tiv sind\,

A&itn

MSS-INDUKTIV(ay, - ... a,) Laulzeit: ©(n)

randmax < 0
maxS < 0
Firi«1,...,n:

randmax < randmax + a;

1

2

3

4

5 Wenn randmax > maxS:
6 maxS < randmax
7 Wenn randmax < 0:
8 randmax < 0

9

Gib maxS zurtick.

. \anas«avv\e.re. A\Sor'\-“r\men fce MsS  gind w.n'\ae.r w‘\cm%a. Sie wurden vor allem

%eze'\a\', um euch die a\aor'.’c\nmisc\ne Denkweise naher 2u brinac.n.
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O und £ - Notation

Infuitiv:

o) := Mense aller Funkhonen, die asymptohsch langsamer oder glech schnell wachsen
O(f) := Mense oller Funkhionen, die asymeptotisch 3\0.'.0:\'\ Schnell wachsen

(%) := Menge aller Funkhonen, die asymptohisch gleich schnell oder gchneller wachsen

Mathemalisch:
O = § g:N->R" | 3¢20 UneN g(m ¢ C- ()
O =5 g:N=>R" | $20(3) und g 0 Y = 06 n 26

Q) = 5 g:N->R" | 120}

We can restate Theorem 1 from exercise sheet 2 as follows.

Theorem 1. Let N be an infinite subset of Nand f : N - R" andg: N — R™.
. If lim Fn) — 0, then f < 0O(g), but f # O(g). 9 wachst schneller (oder gleich schnell)

n)

g
« If lim Lﬂ) = C € RT, then f = O(g). beide wachsen gleich schnell

n—oo 9(

. If lim fn) _ oo, then [ > Q(g), but f # O(g). £ wachst schneller (oder S\Q.ic.h schnell)

n—oo 9(n)

* 9 =0’ konn man allernativ auch 2¢igen , indem man § £ 0(9) und g% 0]€))
oder §<0(9) und {2 .02(9)

oder 3’:0(4\ wnd 92 Q2(f)

oder £2.2(3) und g2 Q2(f) <zeigt.
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Au-cﬁodozn :

True or False: 7 + logn = ©(n)

obere Schranke: n+|03n £ n+n = 2n £ O

n+|03n 2 n 2N

untere Scheranke:

darous -CO\S‘:: n-\-losn = O(n)

Inn ‘ya 4
. N +logn N+ g e B . 4 _
ondecer Lo.Svaswa%: lima n = \lm ~—n = fim 2 =lim 4+ nn2 = 41
n-oo nood n- 0 1 n=oo

True or False: log(n® + 3n) = O(logn)
\os(ns-r?:n) £ \03(n5+3ns) = \os(‘ins3 = log(t) + |03(n$)

obere Schranke:

bﬁ(t') +S \os (n)

I~

O( log n)

\03(n5+3n3 2 \os(ns) = S\os(h\ 2 Q(log n)

untere Scheranke:

doraus -Co\a-‘c'- ‘°3( n®+3n) = @UOS n)
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True or False: 2™ > Q(2”+3)

n n
I 2 ! 2 - A _ 4
™M "z T lim n S lm 3 T g
nao 2L nao 2 ~‘2.3 naoe -

True or False: v/n2 +Tn+ 1 = ©(n)

"»

obere Schranke: JntrFn+4 & [nridtant £ [007 =3n £ O

& =n2 0

[\"

untere Schranke: J n*+ Fn+ 1

daraus -Co\s"f: Jn*s+?n+4 = 6(n)
True or False: Sin(n3) +n > Q(nQ)
. (3
. sn(nN+n . A+n A n A A
m —=— £ lm —7% =lim ‘;‘?."‘;%».=\im = +— =0
n- o n n-ao0o n-=c0o Nac N n
. 73
. sn(n)+n . At n A A
v ——— 2 lm —o Slm-5+5 =lm-3+- =0
n-ooo n nsoo n-oo naco N n

Da der Limes £ O und 20 s}, muss ec =0 sein.

Dies ‘22;3-‘: , dass sin () +n ; N(n? ( Manchmal " Sandwich Theorem" genann *-)



Coum-\-ins function calls

Algorithm 1

i «— 0
while /7 < 3ndo

JO

[ — 1 +1

J=1
while; < »n + 5do
g0)

g()
j—Jjt1

Algorithm 2

i «— 1
while i < ndo
j 1
while ; < ndo
0
je—j+1
i —i+1

k— 0
while & < 2ndo

g()
k «— k+1

Number of cals =

]

Number of calls

(3n+4)-4 + (n+S5)-2
In+4 + 2n+40

Sn + 14

O

i=4 )=

2Ln
+§4
k=0

n
= Z“ + (2n+4)-4
i=4

= n1+2n4-4

= O
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2
ossume n= k Jfor some keN

Algorithm 3 (more difficult)

i1 Number of calls = Z Z" + ZA
while i < »#?do ol
t «— 1 ”
while 7 < i do = D> 0+ () 4
0
t —t+1 2 N
n 1
P it S5 R
j <0 =%nq+%n2+ n+ 4
hile /> < nd e = ¢
w l(‘)‘a/ <ndo  en ¢ jeln - B
4

JeJjtl
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Reweismethode far Summen

Assume that n is even.

Show that Z 3 — @(7?,4)
i—1

n n
.3 3
obere Schranke: z £ z no = n°7\3 = nq £ O(V\")
i=4 i=4

@ n 4

untere Schranke: Z Z e o2 Z % 2 (7)° (%)‘5 = (‘2‘) = f'& nt 2 (")

l'—'” |='\

daraus £o\33«= Z o= O(n")

i=1

Visualisierung der oberen Schranke:
1000

1000 4 (‘)

800 1
800

600
600 1

Beitrag (i%)
Beitrag (i)

400 1

400 4

200 2004

Assume that n is even.

Show that Z Vi = 0(n'?)
i—1

obere Schranke: ZP ZP =nfn = e O("®)

untere Scheranke: Z_P ZP Z‘l_—' ‘l_—l ( = % Sl _Q(naos)

|=.'.‘.

daraus -CO\S‘V ZP = O(n"°)
i=4



