Qu'\z

Consider the pasture break problem, where the distance k& to the gap in the fence is known in
advance. There is an algorithm that always finds this gap in at most 3% steps.

XTrue

False

Consider the pasture break problem, where the distance k to the gap in the fence is not known in
advance. There is an algorithm that always finds this gap in at most 3k steps.

True

XFa lse (-( iom \ec‘\-um\

Consider the pasture break problem, where the distance & to the gap in the fence is not known in
advance. Then, it is an efficient strategy to

...walk as far to the left as possible until the gap is found. we Lol never -"\v\d W+ ¥ we
...walk as far to the right as possible until the gap is found. choose the wrono direckion

x ...walk in a 'zick-zack' until the gap is found.

Consider the problem of finding a star p; among n > 2 people py, ..., p,. There is an algorithm
that finds a star if one exists, using at most O(n) questions (meaning that there is a constant C'
such that the algorithm uses at most C' - n questions).

Xtrue  from \eclure: Poss'\L\e. with o} most 3n-4 £ O(n) queslions

False



Consider the problem of finding a star p, amongn > 2 people py, . . . , p,,. Exactly one of the
following statements is always true. Choose the correct one.

)

There always exists exactly one star among these people.

There may exist two distinct stars among these people.

/
>< There always exists either exactly one or no star among these people. \’ & 3 —
> e
7 N\

N>

There always exists no star among these people.

= never exisls a star

Recoll: o stac knows V\o‘ooc\to else and s known ‘ozs szna‘ooa\co else

= can't have wo slars

Consider the problem of finding a star p, amongn > 2 people py, .. ., p,. Assume that there =
exists a star. With your first question you find out that p1 knows p2. Which of the following

strategies will always correctly find the star? ‘kmws ‘ Hhus Pa can't
(8) =258
be a slar

>< Completely disregard the person p;, and continue to recursively find a star among po, . . . , Pp-

Completely disregard the person py, and continue to recursively find a star among
D1,P3,P4y---,Pn-

Neither of the other options, to find a star we also need to know whether or not ps knows p;.

Let A(n) be a mathematical statement (for n € N). Assume that we know the following:
+ A(2) is true, and
«foreveryn € N, if A(n) is true, then also A(n + 1) is true.
Which of the following are then necessarily true? Select all options that are necessarily true.

A(1)is true.

A(n)istrueforalln € N.  no, not nQCQSSQr'\‘:.) for n=4€N

>< A(3) is true.

2 (23 4 s .

[

acrow = "knows”

we O\r\\3 need +he
Yehwminadion phase, i.e.
W} only one candidate

s left, he must be a
S-‘ur



Forallreal numbers & > —1 and positive integersn € N, the following holds:
(1+2z)" > 1+ nz.

Krue Rernouli's 'me.qua\'r\b from lectuce

False
2 2
n® + 2n < O(n*). . nte 2n . W 2m . >z _
m —— = lim - +t—= = lim A+ = 4
n>oo n nooo M n* n-00

><True

False " 2 2 a
anderer LBSunaswe.cA* n+ln £ n+2n” =30 £0(n )

142434+ 4+n<0(n).

True ( +4)
nn . .
>d=alse A+24. 4+n=—7 lab mo‘uc-\\an
n(naa) (na4) A
. - . nin4t . + .
liw 2 =lm = = lwm 22 =00 = -Ms'-
na® N naco  2n nac 2

Enter the smallest positive integer k € N such that 2n + 10n° + 2 - (logn)® < O(n¥).
(0N

only larges) eew wmaMers

Answer:| §
2n + 40!\5* 2(lo V\)‘s 2 on’ 2(! 33
4 (]
lim D =|{m—§}*£—7—;'+——°°n— = 40
noeo hs‘ naco N n® ns



The function f(n) = 100" (f : N — R™) grows asymptotically faster than the function

9g(n) =99"(g: N — R™). Recall that we say that f grows asymptotically Faster than g if

limy, o0 f% 0.

><True liwn

naoew Aoco" = :,ao (400)

False



Discussion Exercise Sheet 4

Exercise 1.1  Sum of Squares (2 bonus points). = ?ee.ramo\'ms chsa\”. -(&r heude
Prove by mathematical induction that for every positive integer n,

n(n+1)(2n + 1).

n
§ i2 = .
1=1

n
Recall the notation used here: Z i2=124922 ...+ n2

i=1

wic 1terieren Gber die Varoble k

Base Cagse:  Sev k=4
4. A (A+4) (2:444)
Y t=a= ( 3 stimm} | deshalb 3’.\3: die AuSSaT. for k=4

is4

an, dass die Aussanso. {zr en \:¢\3o.‘o's3¢s k eN o,

_ k (k+4) 2k +)

Indukhions - “bpo%kzse © Wir nehmen
k
dh. z Wt [
1sA4

ke (k) ((k+a)+a) (2CKk+4) +4)
Indukhions - Schridtd: (Wir wollen die Amssaae {5 kaa Qe'uaen,o\.\n. 2 V= 3
=4

ka4 . k . .
Z o= Z U+ (ke)
1=4 =4
LM, k(k-m\é(lka—d) . (k“),.
K (k+4) (2k+4) (kY
_ k(kea)(2k+4) + G(ku)z
- 3
(k+4) (k (2k+4) + C(kM))
= 3
(k) (204 K + Ck-\-é\
= 3
e (204 32 0)
- 6
_ (k) (k+2) (2K +3)
B 6

k (k+a)+4) (2Ck+a) +4)
. G =




Exercise 1.2 Sum of reciprocals of roots

Consider the following claim:

1 1
vREy AR B

A student provides the following induction proof. Is it correct? If not, explain where the mistake is.

Base case: n =1,

< 1, which is true. correct

\/_
Induction hypothesis: Assume the claim holds for n = £, i.e.

1 1
\/IijjL\/ES\/E' correct

Induction step: Then, starting from the claim we need to prove for n = k + 1 and using logical
. NAA
equivalences: bul ¥ doesnt stard from the claim
1—I- —l—l—l— ! <k—|—1\/<:>‘/1+ —|—1<k+1 ! korrekle
V1 Vi VE+L V1 N VE+1 | Core
v v 1 1 k41 1 Um-tor\munae,n
— —=+ -+ —=< -
V1 VET VE+T  VE+1
it k k
Lo o QLI
%! vk T VE+1 O\/E
- — J

IN

= fl =

IN

Sl- sl

[nduk}ionsschrlt 3e\~\ n die lalsche ps'sch-‘ums: k+a = k



Exercise 1.3  Asymptotic growth — part i (2 bonus points).

Recall the concept of asymptotic growth that we introduced in Exercise sheet 0: If f, g : N>y — R*
are two functions, then:

« We say that f grows asymptotically slower than g if lim Jg‘(_gzg = (. If this is the case, we also

m—r00

say that g grows asymptotically faster than f.
Prove or disprove each of the following statements.

(a) f(m) = 100m? + 10m? + m grows asymptotically slower than g(m) = 0.001 - m®.

L \ A00m3 + A0 m® 4w . Acow>® , fomt -5 T

3,"":“ qlmy N 0.004m = \m  Booaw:" GooanS:  000AWS rae
(b) f(m) = log (m?) grows asymptotically slower than g(m) = (logm)®.

. k) ) log (m*) 3 logm = -

):\Too 3my \\v::,eo (logm)?® h:“ W " moo (‘°3"‘)‘L = 7 lrue
(c) f(m) = e*™ grows asymptotically slower than g(m) = 23™.

Hint: Recall that for alln,m € N, we have n™ = e™Inn_ (very bad hint)

2
L S e'“ - w)"‘_‘, s:)"‘=o -
mam 8 T lNe P T Wle YT T e (2 T e

Exercise 1.4  Asymptotic growth — part ii.
Prove or disprove each of the following statements.

(@)* If f(m),g(m) > 1 and f(m) grows asymptotically slower than g(m), then log(f(m)) grows
asymptotically slower than log(g(m)).

Folse. Cow\-\-crexqu)lv et f(mY=m | 3(m8=\m7'

£l oo Mmoo A o > lower
w:’:\ao —__SCM) = Lv-\;\m Wz k\v\gm e (o) ) -(-' ‘avoms S *\\ncm 3
. lo $wy) "

e ‘03(‘36,“\) —M °® \°3(""‘1) mae 7'\°3 = = =z \nowa. Same 8‘0'4‘“\



Exercise 1.5  Proving Inequalities.
(a) Prove the following inequality by mathematical induction

1 3 5 on —1 1
. < n>1.

2°4 6 7 on ~ V3n+1 -

In your solution, you should address the base case, the induction hypothesis and the induction step.

A_ A _ A
Base Cage: Sev k=4, T =@~ (Gasa s-"umm-‘c, deshalb 3]\’: die Aussa3¢. foe k=4

\nc\u\\d}or\s-\-\-apo-\kese'- Wir nehmen an, dass die Aussq%a. £z e \oo.\'\e\aiscs k eN %'n\«\ ,

A3 L We-4 4
dh. 2°%° ... T2k T (BkaA

A

U4
T2 (keny - (3(kea) 42

Induktions - Schridd: Wir wollen dhie Amssqae. {5 kea 2igen, dh. 7 '.5§ '

A 3 2h-A  2ksa H A 2k44
-, = . . Z L] ©
2 4 ... 2k 2krz — 3+4 2k +2
l —d \
. > wollen wir 2«'.3«\

‘ 4 v durch loﬁ'\sc\ne. un}va\enien

£ [3(k+4} +A

-l 244, . —
(Bt A 2urg = [3(keA) 44
(> 2k+1 L(3k+/1

=> 2k+4 £ IM
2hk+2 3k+4

3
=5 (2u+1) 2 3+
7 @x+D* T k4 h

=> (1) (3u+4) £ (2k+2)" (3n+4)

=>  (4K*+ bk +4) (Bk+ k) & (4l?+ Bl b) (3 +A4)

(= A3 4 AUE & B + AP Alkr b £ A2+ 24k 4 A2k + GLE 4+ Bl 4 b
=> A2%3 4 29K+ AQk+ & & 213+ 29K% L Q0K + M4

=> 0O 4k Das bedeuled; der IS, st 5&“’.3 {oc alle k20 )



O-Notation

{ wnd 4 sind  Funk¥onen von N nach R*

Definition 1 (O-Notation). For f : N — R*, .o oxishiect cine positive Konstante C
Vr——————

—~A—
O(f) ={g: N—=R"|3C >0¥ne€ Ngn)<C-f(n)}
A \ A‘f N————

/ be 9“"‘&" dass sodass {&r olle
Defintions2eichen '"3“‘”" neN
8\“‘ o\ass

« O i} die Menae allec  Funktionen 9, die qs-om{:’co%isc\n hechstens so

schnell wie § wachsen
* Was { und g am Anfang machen (fir Kleine n) wmachen it egol
* Wir ianorieren konstante Faktoren
¢ Beispiel: f(M=n | q(m) =3n | dann %.\“‘ 8e0(4) vk (=3

¢ Wir gchreiben oft "¢V glatt "€

Theorem 1. Let N be an infinite subset of Nand f : N — R" andg: N — R™.
o If lim Lﬂ)) =0, then f < O(g) and g £ O(f). 4 wachgr schneller

n—oo 9(n

o If lim Hn) — ¢ e R, then f<O0(g)andg < O(f). bede wachsen 3\&3&\ schnal)

n—oo 9(n)

« If lim Lﬂ)) = o0, then f £ O(g) and g < O(f). { wachst schneller

n—oo 9(n

The following theorem can also be helpful when working with O-notation.

Theorem 2. Let f,g,h: N — RT.If f < O(h) and g < O(h), then

1. For every constantc > 0,¢- f < O(h). * konstante Faktoren §3nor'scren“

2. f+g=<0O(h). Bsp. logn €0(M) und 2n &0 = logn +2n & O(n)



10

Worse:
O(n!) Exponential - O(2"n)

Quadratic - O(n"2)

_ Log-Linear - O(n log(n))

# computations

Logarithmic - O(log(n))

Constant - O(1)

Input Size n

Augsoben'-

Prove or disprove: 3n < O(nlogn)

‘3r 3
m loan ™ lojn = lm \037\ =0 Pec Theorem 4 -Po\:)“" 3n £ O(n |03n) ®

noaoo Nn-=)o0

Prove or disprove: log;(n?) < O(Inn)

n{n)

loss (h‘s) 3lo 3(") 3 Ty 3 ._3-—
i = = fim e =l 1O g T T R
noow M0 Y n nacd  Intn) haco
Pec Theorem 4 folgt: \033("3) £O0(mn)
Prove or disprove: 2" < O(n?)
L‘“s . L‘“s . n L‘“g .
limn _'_\_ =f \ n@)-2" =f ki () In(2)-2 _f \ n(2)- @) In(2)-2" )
no N nae  3nt n-ao en nad € B

Per Theorem 4 -Po\a-h ‘Zn ¢ O(n®) , was die Aussq%p. w'\do.r\e.@r



Prove or disprove: log,(n) - v/n < O(lnn)

lnn
. loge(n)- , A .4
llW\ \ = |m n?2 (' = lim |— .{n' =00
nyod nn ny o _\_n— noyeo n2
»

Per Theorem 1 -fo\a*‘ \osg(n)-fv_\' 4 O(in n) , was dhe Au\ssq%w. w'\o\o.r\e%’r

Prove or disprove: 2" 082" < Q(2n ")

9—1\ loaq_(“) nl 032(") -nin (n)
infges ™ I -
: . ( : A
lim n\ogq,(n)—n\n(n) = lim n ‘\:(:2 ~ nn = lim i (W@~ 1) =
n-o0 no oo no oo
n|031("3

—_ In ()
Per Theorem 4 folgt: 2 4 O(?.n ), was die Aussage widerlegt

Order the following functions by their asymptotic growth rate as n — oo:

n
nl, +/n, 2", 1, n", logn, n, n?, n?

O(4) £ O(logn) £OWR) € O(n) &« O(n*) £O(2") £ O(r®) £ O & O(n")

Order the following functions:

n'% nlogn, 3%, +/n

OUR) £ Olnlogn) £ O(n°) « O™

11



Order the following functions:
n?+logn, mn+100, +/n+ log2 n, n°+n

O(n' + |05(h)z\ ¢ O(n+400) ¢ O(nt-&losn) e O(n’+n)

Order the following functions:

2" +n? n*+3n, nlogn+5 3" +n’

Olnlogn +§) € O(n" +3n) £ O(2 +n*) € O(3"+n*)
Order the following functions:
n®+2" nlogn+n®, nt++vn, 10" +n’

O(n+In™) ¢ O(h\03n+n7'\ < O(h,'-l-'lh) ¢ O(10"+ n‘SB

Alte Prafun 9s aud 30«‘92?\

Claim | true false

n? —n%/n<0(/n) | O k

3 2
. n-nfw . 25 2
finn __T—'__ = fm n -n = lim n (r-' 4) = Co
nae n n-0° n-00

2<2">g()(10")‘ X O ‘

(2n) n n

= (") =4

4" - n
v‘::;\m 40" = |\M (40) V‘\.:)n” 0.4 = O

12
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i n
imm 05 -4-45:2-25-3-, -3 = o0
n-ooo

)

n100 < O(2m) ‘ X O ‘

R¢32\1 Po\;ﬁnom'se.\\ & ex()onen‘\-}e\\

n—1

ln? — Zz < O(n)

2 XD‘

i=1

-4 (n-a)((n;A)i-d) - D -(:-a)r\ =0 :-c-n - /2_|n £ O(n)

n'? < O(log(n)!™) | O X

?\e.se\'- Iesarl-l\r\misc\n L P°|3“°m"e“



|nduktionsau 50&0@.

Prove by mathematical induction that the following statement holds for alln > 4:

n! > 2"

Base Casge: Sav k=4
4' = 4.3-2:-4=924 > 46 =2“ s-":mm’«, deshalb SM- die Aussa«y. foe k=4
\no\u\d.'\ens-\-\-apo-\hese'- Wi nehmen an, dass die Aussou.:)e. {&c en \oe.\'w.\a'.szs keN, k=24 33\’:.
k
dh. k!=>2
Induktions- Schritd: Wir wollen dhie Aussaae. {50 kaa 2@.’.3:0,0\.%. (k+4)! > 2“'M
(k41 = (ke4)- k!
LW, K
> (ked)- 2,
2 (uta)- 2"
k
>929
k+41

=2

Somit st die Aussage {ar alle n24 bewiesen per Induktion,

14



